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1 Concepts of probability

In the theory of common sense we have a

e fair coin with 2 possible outcomes head (H) and tail (T) and a

e fair die (pl. dice) with outcomes from 1 to 6.

In this context fair means unbiased.

1.1 Random numbers, probabilities, simple rules

Definition 1.1.1 A sequence x1, X, ..., Xy of numbers is called random, if the probability for

xn+1 to have a value of x does not depend on the previous numbers.

An example: Sequences like HTHTHTHT or HHHHHHH let us think that the next
event must be H in both cases. This is common sense and not a good random sequence.

When there’s a pattern it’s not a random sequence.

In reality we can never be sure if the sequence is random. A truly random sequence
is infinite. In computers we have quasi random numbers. This means they are random

FAPP (for all pratical purposes).

Assigning probabiliy We have to distinguish between

e Trial, process:
— Tossing (flipping) a coin or
- throwing a dice.

e Qutcome of a trial:



Chapter 1. Concepts of probability

- H,T,
-1,2,3,4,5,6 or
- all so called microstates.
e Sample space (which is the set of all outcomes):
- {HT},
-1{1,2,3,4,5,6} or
— all so called phase space.

For a fair coin we obtain

e p(H) the probability of outcome H,
e p(T) the probability of outcome T,
o p(H) =p(T) = 3.

Similar for a fair die:

p(1) = p2) = p3) = ptd) = p5) = p(6) = =

In general for a probability we require that

p(outcome i) = p; > 0.

As boundary condition we have

Z pi=1 (something always happens).

outcomes i

For continuous outcomes x € R we find that

pi = p(x)dx

is the possibility to find the outcome in [x,x + dx]. While p; is dimensionless, p(x) is a
probability density (think of [()(x)]*). So we have to normalize it. The normalization of

the continuous distribution is
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‘f_: p(x)dx = 1.

The simplest example for this would be

pm:{ﬁ;xemw'

0, else.

Addition rule The probability that two independent outcomes i or j occur is

pior j) = p() +p().
Example: The probability that a die gives 1 or 3 is

+

p(Lor3)=p(1) +p@3) = 3

Nl
N =

Multiplication rule The probability that two independent outcomes i and j occur is

p(iand j) = p(i) - p(j).
Example: The probability that a die gives 1 and (then) 3 is
11 1
pland 3) =p(1)-p(8) = == = 7.
Example: Suppose a DNA evidence is likely with probability 1 — 107. The chances

are 10° : 1 that the defendant is guilty. The systematic error in collecting, analysing,

handling, reporting DNA evidence is ~ 1%.

Question: What is the probability that the defendant is guilty?

1.2 Mean values, standard deviations

e The mean value or average of x is defined as
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z:u»:}lxma=‘[m¢mmm.

i —

e The mean square of x is defined as

x2 = (x?) = Z xl.zp(i) = foo dxx*p(x).

i —

e The variance or dispersion of x is defined as

ot =22 X% = (x - %>

e The standard deviation or r.m.s. (root mean square) of x is defined as

Oy = + /02

As an example we consider a coin with H =1 and T = 0. We obtain

_ 1

o= 1p(H)+0-p(T) = 5,

— 1

2 = 17-p(H)+0%-p(T) = >
— 11 1

2 2—_2_———:—

T = X 271 ¥

This means that the actual values of the outcome are likely in the interval [x — oy, X + 0]

For the coin we found ; + 1.

1.3 Uncertainty, disorder, entropy

Shannon did some research in the 1940’s. He found that that a system is in order when
not much (the least) information (knowledge) about a system is required in order to
describe it, while a system is in disorder when a lot of (more than the least) information

is required in order to reconstruct it.
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Example: A child in a house with n rooms. We bring the child in the morning to the

house. We then come back in the evening to see in which room the child is.

Task: Calculcate the probability (p(i)) for the child being in room i. We already know

that there are two main cases in this scenario.

1. A certain (well-behaved) child: We have full knowledge of it. So the probability
will be

p(i) = 0ijy,
where ij is the room in which the child stays all the time.

2. An uncertain child (this one is running around): We have the least knowledge of

where he or she is. We probability will be

Our task is now to find a function of p(i) which cover our main cases. In the case
of minimum uncertainty we have to obtain a minimum of p(i) while in the case of
maximum uncertainity we have to obtain a maximum. In addition we require that the

function is additive.

Example: Two children and two houses. We then get for our function S that

S=51+85,,

where S; is the function for the first child in the first house and S, is the function for

the second child in the second house. So we have to obtain

p(1,2) =p(1) - p(2).

Satz 1.3.1 (Shannon) There is only one such function:

S=-k)_ pinp; = —kinp, (1.1)
where p; = p(i) and k is some constant. This function is called Shannon’s (information) entropy.

Example: If p(i) = 0;;, we get S = —k1In1 = 0. If p(i) = % we obtain that S = klnn.
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1.4 Maximum uncertainty distribution
Task: Find p; such that S has a maximum and the average value of a quantity A;,

A= Z piAi,

is fixed. This is an optimization problem with Lagrange multipliers. The function to

be maximized is

S = —kZpilnpi,

with the constraints that

sz‘=1 and ZpiAizz

Calculating we obtain

e}
Il

o [S - Al(Z pi—1)— /\z(Z piAi — Z)] ,
_ T 4oLy |
0S = kZi‘(épllnpl+plpi6pl)—
- —kZ(lnpi+1)6pi
50 = —kZ(lnpl+1)6pl Alzépl AZZA(SP:—
- —kZ(lnpl+1)—Alzl AzZA =

3 M /\2
= Z(lnpl+1+7+ kA).

i

Finally we get individually

Mo Ay
lnp1+1+?+ kA =0,

which gives us

10



Chapter 1. Concepts of probability

_ Mo A )
pl—exp( (1+k+kAl).
The coefficients A; and A, can be determined by the constraints above. We can simplify

the solution for p; in order to get
1 Ay B Ay
pi = Zexp( kAl), Z—Xi:exp( kAl). (1.2)

1.5 Useful probability distributions and central limit
theorem

1.5.1 Binomical distribution

Suppose an event A can occur with probability p. Then, out of N trials, the event A will

be found exactly k times with the probability

N
p;{N) _ [ ) ]pk(l _ p)N—k_ (1.3)
In this formula we have

° [ IZ J the combinatorial factor, read ‘N choose k” which is W That is the
number of ways to choose k objects out of N.

e p' the probability to find k events A.

e (1 —p)N7* the probability that the remaining N — k events are not A.

Example: Suppose I flip a coin 100 times. What is the probability that H comes 20

times?

20 20 220 280
Example: Suppose you play darts (L little squares). You can shoot (throw) N times.

100 )1 1
= p‘m’:( J——=4.22~10—10.

What is the probability to hit the same (pre-determined) little square 2 times when

1
p=r?

11
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N |1 1\V2
(N) _ 2 -
= P [2)1}(1 L) ‘

Question: What is the probability that in the first two throws I hit the same little square?
Itis &
Another question: What is the probability that in the first two throws only I hit the

N-2
same little square? In all other throws I do not hit it. It is 5 (1 - —) .

Let us calculate the average value of k and variance o7.

e For the mean value we calculate:

k=0 k=0 —
=q

PR SRR < A Nk
ko= Y kPM=Yk L |Pa-p=

N N'
- Zk(N k'k'pq _papZ(N k)'k;?“i

= Pa—(P +q)" =pN(p+q)"" =pN,
p S~——
=1

which is the result we expected.

e Now we do the same for k2:

= 9\ J
_ 2p0N) _ [, 2 N_, 9 N-1) _
k2 = kZ:;,kPk —(Pap) (p+9 —Pap(NP(Pﬂ?) )—
= Np((p+q)N‘1+(N—1)p(p+q)N‘2):Np(1+pN—p).

e So we get for the variance

o = k2 ~K =Np(1+pN - p) - P’N> = Np(1 - p).

e Finally we have the standard deviation as

1-p 1
or = \Np(1 —p), = %: i 4 .

12
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Figure 1.1: Plot of a binomical distribution with FWHM 24/Np(1 - p) for p = 1 and
N =10.

1.5.2 Poisson distribution

The Poisson distribution is given as

/\k
P = o exp(=A7), k=0,1,2,..., 0, (1.4)

where A is the parameter of the distribution. Let us now calculate the average k and
variance o7.

e For the average value we get

[e¢]

- = (K A¥
k = Zk(ﬁ)exp(—)\) =exp(-1) ), oy =
k=0 k=1
& /\k—l b /\k
= Aexp(=A) Z =) = /\exp(—A)Z i A.
k=1 ) k=0
——
exp(A)

e By exactly the same we get

13
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[o0]

2 = Z K2 (%) exp(—A) = exp(=A) ; kﬁ =

k=0

= exp(=A)A Z(k + 1)F = exp(—A)A [Z kF + Z F] -
k=0 ’ k=0 k=0

= A+ A

e For the variance we get

— =2

oo=k2—k =A*=A*+ A=A

e So we found the standard deviation which is \/K The relative error is

Ok _ 1
kK VA
We will show that the poisson distribution is a limiting case of the binomical one as

N — oo (many experiments) and p — 0 (small probability).

o = N g etz N (1)"(1_1)”"_
P = WN—pwP VTP T Nk \N N T
_ N~(N—1)---(N—k+1)/\_’< (1_1)% A (1_1)4_
Bl NG k! N N/
\.._..\,_......_/\""‘/'—"/
- sexp(-1=exp(-1)
Ak
= Eexp(—/\).

1.5.3 Normal (Gaussian) distribution

It is a continuous distribution for a variable x:

(= ”)2) . (1.5)

1
PO = o &P 5

Let us calculate the average and variance.

14
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Figure 1.2: Plot of a Gaussian distribution with FWHM 20, fora = 5 and o, = 2.

e For the mean value we calculate, that

I dxxp(x) = — f dxxexP( 1(x—a) )_

1(x—a)
\/2717 _Oodx(x—a)exp(—i 02{1 )+

=0

X

1(x - a)z)
+ dx exp(
\/ 02
=a
e In the next step we get
— 1 1 (x —a)?
X2 = ————dxx’exp (—— t ;l) )
2102 f 2 o
= o°+a~
e So we get what we expected:
2 = - ="+ - =0
oy = 0O

15
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The normal distribution also follows from the binomical one, in the limit of N — oo
and taking k — x, centered at k ~ a, and considering expansion around k. See Gold and
Tobachnik for a proof.

1.5.4 Central limit theorem

Suppose x1, X2, x3, ...xy are distributed according to some distribution p(x). The average

of x is X and variance of the distrubtion, ¢, exists (not infite). Then the average

_1
YN =N ¢

1

N
Xi,
=1

are distributed according to

P(yn) =

exp (_1 (yn — 7)2),

2
2 2 oy

27wy

and o, = f/% For a proof see Gold and Tobachnik.

Alternativly for the sums

N
SN:in

=1
the distribution is

p(Sn) =

_1(SN—N®)

exp ( 5 02

210 S

“n N

So the standard deviation is

0s = 0, VN.
ax_\/IT] o 1

XN VN*

Example: Shopping in a supermarket. Typical price is approximently x = 2 €. Buy
N = 20 items. Guess the total price. What is the total error when o, = 0.5 €. The
average sum is Nx which is 40 €. The total error is V200.5 ~ 2 €. So we have (40 + 2)
€.

The relative error is again

16



2 Classical and quantum microstates

2.1 Configuration, momentum and phase space

The from the classical probability theory known systems coin or dice now go over to

more complicated systems like gas, solids, etc.

We need to find the sample space for the generic physical system. We first discuss the
classical systems. Consider a collection of N particles. Assume that the particles cannot
escape from the box. We say they are confined. Assume also, that the total energy is

preserved, i.e. particles do not give away energy to the walls of the box.

= (N, V,E) are fixed.

e The collection of the positions of particles is

Q = (77)1/ 77?2/"'/ F)N) = (x].l Yi,21, -/ XN, YN, ZN)/

which forms the configuration space. This space is 3N dimensional.

e The collection of the momenta of the particles is

P = (py, P2 s PN),

which forms the momentum space. This space is again 3N dimensional.

e The state of the system of N particles is uniquely defined / determined by the
collection (Q,P). We call this collection the phase space. It has 3N + 3N = 6N

dimensions. It is huge!

The important question is: How big is the phase space? We will argue that the phase

space is the sample space. A leap in thinking brought us to the conclusion that...

17



Chapter 2. Classical and quantum microstates

the only preserved quantity, constraining the phase space (in addition to V, N) is the
energy! Large systems ’forget’ their initial conditions, i.e. all other integrals of motions

are 'forgotten’.

2.2 Phase space volume, density of states

We introduce 3 measures for the phase-space volume, I', g and Q.

e First of all we introduce

re) - [ TEreE-nem- [ F, 1)

h3 nop<e "

with the step function

1, x>0,
O(x) =
0, x<0.

H(Q, P) is the Hamiltonian of the system. So I'(E) tells us the volume of the phase
space up to the energy E. This brings us to h which is the yet to be determined con-

1

stant (which will be the Planck constant), of dimension [xp] =kgm?s~!, introduced

to make I' dimensionless.

e Second we introduce the density of state

_ AT(E) _ f 4QdP Sk~ H(Q, P)). (22)

g(E) - dE h3N
The dimension of g(E) is [£]=]".

¢ Finally we introduce the number of states

Q(E) = g(E)SE. (2.3)

This is again dimensionless and gives us the number of states in the interval
[E, E + 6E].

18



Chapter 2. Classical and quantum microstates

Example: 1-dimensional linear harmonic oscillator

We set our Q = x and P = p. We already know that

1 1
H = —p* + Zmw’x*.

2m 2
The ’surface’ of the equal energy is
HOP) =E = “pilmoe-r = P 4%
= 2m” "2 - 2mE " 2L~

To calculate the volume we use

2F
t V2mE [ == E

area of ellipse  mab mw?
HE) = h b h T heo
So we get
a1 OE
g(E) = d_E = % and Q(E) = g(E)(SE = %

Important example: Phase space volume of classical ideal gas

We have N particles in an ‘ideal” gas (no/weak interacting particles) with no potential

energy, i.e.

X
H=— =YV
2m — 2m

Our task is now to calculate I'(E), which is an integral

dQdP 1
1ﬂ(E):’[ N = N aQ 2 dp1d’p,y - - dpy.
H(Q,P)<E

N Fi
Zi=1 2m <E

We already know that

fdQ = VN,

The remaining momentum integral is the volume of a sphere in 3N dimensions of
radius V2mE. Generally we have

19



Chapter 2. Classical and quantum microstates

PLt et Py = Pl Ply +PL + o + PR PRy + PRz < (V2ME).

This is a mathematical problem. The solution is discussed in appendix We now
know that

vV B 2nmE)*
R=2mE, n=3N, = dp= — " (omy¥EY = FIEE
pane T3 +1) )

Il
N

The measures

VN @rmE)?
I(E) = W_NWOCEZ’
Y

dr _ VN 2mmE)% 3N _ T(E)

TR Ty
QE) = T(E)s-.
5(%)

All thermodynamics of classical gases follows from here!

Important remark The phase-space volume change very very fast with E. Suppose
there are N = 10% particles. If you change E by 6E ~ (%) 2, which is the energy of just

one particle, the volume of I' increases twice:

Q(E) ~ T(E)!

2.3 The ergodic hypothesis

We consider a coin with H = 0 and T = 1. We can now calculate the average value:

1. By flipping the coin many times: HHTHTT and so on we get

20



Chapter 2. Classical and quantum microstates

0+0+1+0+1+1 flip(t=1)+{flip(t=2)+..+flip(t=6)
6 B number of flips -
[flip(t = 1) + flip(t = 2) + ... + flip(t = 6)] At
number of flips - At -

% Y. flip(t)At | . . .
= time average, 1.e. average over time,

1 [ dtflip(t)

where At is the difference in time between the flips and T is the total time.

. Guess the answer by finding the sample space and the probabilities for the events.

So we have a guess, like

PH=0 = E' Pr=1 = E

The average is then

avg=0-pg+1-pr= Zi-piafdxxp(x):%.

i=H,T
This is the ensemble average - an ensemble is the sample space. In this case it
would be (H, T).

The ergodic hypthesis then states that time average (T — o0) is equal to the ensemble

average. Flipping a coin is an ergodic process as long as the flipper explores the whole

ensemble.

Example for a non-ergodic-process: An ant cannot flip the coin due to the energy

barrier. So the time-average is H = 0 # 3.

Important: H, T need to have the same (gravitational) energy - but in this scenario there

is an energy barrier.

Example: Glass (amorpheous material) has also energy barriers which prevent the

material to be in a crystal formation.

Also in an experiment we measure the time averages

— 1 (T
Aime:_ tht
me=7 [ atAQ)

21



Chapter 2. Classical and quantum microstates

In theory due to the high number of particles (10*°) we have

Acnsemble = f dQdPA(Q, P)Q(Q/ p),
phase space

where o(Q, P) is a probability density in phase space. The ergodic hypothesis now
states, that

Z’rime = Zlensemble- (24)

2.4 Phase-space invariance and Liouville’s theorem

We already know that phase-space trajectories cannot cross because if they would cross,
the system would have two futures. The question now is (for a phase-space volume):

how much does the volume of a phase-space region change in time?

The answer is that it does not change! We are now going to proof this.

Proof Denote g, as coordinates and p, as momenta with a = 1,2, ...,3N. So we have

(QLQZ,---/%N) = (xllyllzll-XZIyZIZZ/---/xN/yN/ZN)/

(pllpZI ceey p3N) = (pxlrpylr ler szrpyy pz2/ 2y pr/ PyN/ PzN)-

A general point (Q, P) evolves in time to (Q’, P’) according to

q“ + qﬂét = qz,x(qm %),
pa + paét = p:)((pal pa)'

Qa
Pa

So we can say that it is

QP)—(Q,P),  Q=Q(QP),P=PQP).

22



Chapter 2. Classical and quantum microstates

Remark 4, and p, are functions of gq,, p,. So the volume at a time ¢t > 0 is equal to the
trajectory times the volume at time t = 0,

qu qu
'y (070 | I )
dQ "= ]deP, ]_ ' a(Q’ P) ) 9P:§N ap.éN

So to get a feeling for this formula we first consider a simple one-dimensional case with
1 particle, i.e.

q =q+46t, p’ =p+pot.

Now we calculate the Jacobian:

a dq ap’ . op
aq = 1+ a_qét, ap =1+ %(%,
oq’ 29 adp’ I
L Gl
%% ‘ 1+ 85 Ao
=] = | o |~ ap ap =
% % 0t 1+ 50t
i )( p ) adq  Ip
= [1+ =—0t]||1+ =0Ot]|— =—0Ot=—0t =
( aq dp dp g
_ dq dp 2
= 1+(8_q+$)6t+0(6t)'

6t? and higher can be neglected because our taylor expansion was also just to order 6¢2.
We already know the Hamilton equations,

Inserting them we obtain

(90, 9\ _(PH _PH) _
dq  dp) \opdq dgop)

Therefore we get that | = 1! The same proof can be done for more particles in more
dimensions, then

23



Chapter 2. Classical and quantum microstates

v (%da, 9P
=1 —— + 5 |6t + O(F).
! +Z_;(8qa +8Pa) "o
a=
=0
Thus it is proofen. We now go one step further. Since the volume does not change it is
like an incompressable liquid, where the shape changes but the area is preserved. We

are now going to introduce the phase-space density of states o(Q, P),

f dQdPy(Q, P) = 1. (2.5)
all phase-space

Consider a volume V in the phase-space (not in the real-space - V is not the box volume!).
Suppose we have n ensemble members (points) total. The number of ensemble points

in volume V is then

n, = nLdePQ(Q, P).

We consider time evolution. The net increase of the number of points inside V' is then

given through

4 ) do(Q, P)
e L fv dQdPo(Q, P) = —n fv dQdP—2—"

The net decrease is accompanied by the flow through the surface of the volume,
d]’l - R
“e_ b aSf, T=nos,

where dS is an infinitesimal surface element, 7 the velocity (6N dimensional vector,

(Q, P)) and np the number of points (density) at (Q, P). By using Gauss’ theorem we

obtain

L f 4Qdp22 :56 dSi= f dQdPVi=n f dQAPY ().
dt v ot F% v v

So we found another continuity equation in form of

i

= + V() =0. (2.6)

24



Chapter 2. Classical and quantum microstates

By using

00da  00Pa) do .  do,
divigd) = Z(% 8Pa)_za“(f9qaq“+«9_mp ;

we find Liouville’s equation,

do do . do_\_do_
§+Za:(&qa +a—papa)= % =0. (27)

Conclusions We can directly make two statements:

1. We see that % = 0, where % is a full derivative, i.e. the observer moves with the

o o .
flow, while % is the stationary observer case.

2. 1f % = 0 then p = o(E) only. So the energy is conserved.

2.5 Microstates in quantum mechanics, the density
matrix/operator

We already know the Schrodinger equation:

P 72
hW = ——(V2 .+ V3),

where

Y =Y(#,...,7y): wave function
N : Number of particles
|1,b|2 &rr: probability to find particle(s) in a small neighorhood of volume d*7 arround 7,

Y(#,...7y) : defines the microsopie state = microstate. (2.8)

Stationary states ¢, have

A, = E,pn.

Any wavefunction can be expanded as
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Chapter 2. Classical and quantum microstates

Y = Z CnPy.

Normalization requires that

Y el =1.

The average value of a physical observable A, to which there is a hermitian operator A,

is given by

(A) = f dQu*Ay = (plAly),

where (A) is the expectation value of A. We continue,

w= | 1QY ceion =i, | 1Q 010 = T e

n’

AHH

* o/

We now introduce Onn’ = C,C,,
——

density matrix

- <A> = Z an’Ann’ = tr@A-

nn’

In operator notation we have ¢ = [{){(¥|.

Cn
—

4 <¢n|@|¢n'> = <¢n|l;b> <77b|¢n’> = C;,Cn = Onw-

————

n’

e Diagonal elements, g,y = |c,|?, are called probabilities. Off-diagonal elements, are

called coherences.

. tr@ =Y, e =1
= 00 = [P = [P)pl =0

0: Complete description of the quantum mechanical state. Up to now, considering

only pure states, it is a redundant description.
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Chapter 2. Classical and quantum microstates

e The motion of mixed states (Schrodinger’s cat). Mixed state: there is a probability
Pa, that the system is in state 1),,.

e I cannot write a wave function for such a mixed state. Average Value of A is

statistical average

_ —
’ QM average

)= [ dayiip.
Let us rewrite:
¥ ¥ i - i .2

® Our = XaPaCyCh,
0 = Yo PalPa){W,l: describes mixed states

e tr(@) = Za Pa Zn |Cn|2 = Zapa =1,
0* # o! Signature of mixed states!

A

Summary:
pure states mixed states
0 YL | LaPalba)(Wal, Lopa =1
tro 1 1
& =0 #0
A | tr[ed] tr[2A]
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Chapter 2. Classical and quantum microstates

2.6 Quantum Liouvilles theorem

<l,ba )

J a
ot Z ot (Paltpa >< Pol) = Zpa( o > (Wal + [YPa)
) ’ SGL

Zm( AWl = 30 alA) = = (Ao - 0F) =

The Von Neumann’s equation is

do 1rn .
57

In QM we learned that the time evolution of an operator A is

>

d . d 11, A
A=+ |AH|].
By using this we obtain
d, 1 .~ . 1 .
- EQ - Zh[HI Q] + Zh[Q’H] - O/
- %@ = 0 Quantum Liouvilles theorem.
e For time independent ¢:

do oA
E =0 - [Q, H] =0.

e (: integral of motion, conserved quantity.
Definition 2.6.1 Energy is the only integral of motion left, (quantum chaos)
0= O(E).

e It is then natural to take ¢, as stationary states, qun = E, ¢y, and 0, = 0(E,)0uw,

Diagonal in the basis of stationary states,

Q(En) = |Cn|2 = Pn-
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Chapter 2. Classical and quantum microstates

Is the probaility to find the system in a microstate (state) of energy E,. (# the
probability that the system has energy E,,).

e What happens if there are degenerate states (having the same energy E,)?

pu(Ey) 0 0
Onr = Pn(En)Opnw = 0 pu(En) 0
0 0 pn(En)

For degenerate states, the coherences p,., are also zero. This is called the random

phase assumption or a priori equal probabilities.

o We see that

A

Z pn(En)An = Z pnAnr

(PulAlpy).

Ay

The task of statistical physics is to find p(E,) or p,.

2.7 Counting quantum states

In analogy with classical physics, define

e Number of states below E,

I(E) = Z O(E - E,).

o The density of states,
dr
§(E)= 7= = Z 5(E ~ Ey).
e And the number of states in [E, E + dE],

Q(E) = g(E)dE.

Important example: Single-particle states. Consider one particle in a box of linear

dimension L, with periodic boundary conditions (see QM lecture). We calculate
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Chapter 2. Classical and quantum microstates

N 2
A= -
2m
Y@+ Lm) = y(7) with an integer vector .

Therefore we can calculate the spectrum (eigenstates and eigenenergies),

1
IPH — e r’
k \/‘—/
2k
& = 5,
k 2m
" 27 5 > .
k = T integer vector.

Trick: from discrete sums to integrals:

PWCEE ZZZf(k) ZZZf(k) Any An, &:
Yy Yy f(l?)(%”) Ak, Ak, Ak, = ( ) ZZZAk3

27 3
S (L)fdkf(k).
continuum

Back to our example:

[(E) = ), O~ Estates) = ) , O - Ep),
K

states
2n X iz 2m)’ >V o 4n (2mE)%
LT ol 4k = — :
N (L)fdk®(E ) = (L)f Qnp 3 \ 2
continuum k< 2mE

Ii

Recall the classical result (N = 1), which was

M(E)a = 75 QmE):
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Chapter 2. Classical and quantum microstates

This becomes the quantum result, if we identify h = i2nt. Classical-quantum corespon-

dence fixes the value of & to be Planck’s constant.
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3 Classical Ensembles

e Classical physics

{Q,P} = microstate
o(Q,P) = probability density
f dQdPo(Q,P) = 1
A = f dQAPA(Q, P)o(Q, P).
e Quantum physics
n < @, = microstate
p» = probability to beinn
0 = density operator

Yo =1
A = anAn =tr [@A],
A, = nlAn).
3.1 Microcanonical ensemble
We consider a system which is totally closed. We have only 3 parameters, the total

energy E, the volume V and the number of particles N. These parameters are fixed and

describe a macrostate.
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Chapter 3. Classical Ensembles

We need to find the probability that, given the macrostate (E, V,N), the system is in a
specified microstate. In equilibrium (things do not change with time) we can guess: a

priori equal probabilities,

1
nr. of microstates|g yy

Pmicrostate =

1. classical physics

1 1

0o(Q,P) = W—N@(S[E - H(Q, P)].

2. quantum physics

1
n = T~ if E < nSE
Pe = oy HESEnSE+OE

= 0, else.

1
Qb Z )Pl

n,E<E,<E+6E

=5
|

3. entropy We know S = S(E, V, N). From the first chapter we still know

S=—ks ) paIn(py) = ky In Q(E).

So we identify

with the Boltzmann constant kz = 1.38 - 10722 J/K. This constant connects statistics

with thermodynamics.

Important remark: As N — oo we see that

S=ksInQ = kzInT = ks In(gSE),

up to negligable constants.
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Chapter 3. Classical Ensembles

4. temperature

For this we consider a system which we devide into two parts. This system can

exchange energy. In this system we see that

E = E4+Eg,
= VA+VB,
N = NA+NB,
are fixed and
E, = Es+AE,
E, = Ez - AE,

E;‘+E;3 = E4,+Ezg=E.

In equilibrium the enrgy is distributed (on average) such, that S = Sy + Sp will

have a maximum

9S4 . ISk
AS=0, AS=ZAANE-Z2EAE=0.
=0, AS=SPAE- S AE=0

So we conclude for every division, that

JEs  JEp’
It is useful to introduce a name for this derivative, the thermodynamic tempera-

(3.2)

ture T or

1 (dS
r (), 7
This is the partial derivative of S with respect to E, keeping V and N fixed.

5. pressure and chemical portential

By doing the same as before we obtain (by changing the volume) the pressure

over the temperature
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Chapter 3. Classical Ensembles

P_(o5
T \oV).y

(3.4)

And if we allow particles N to be exchanged we get the negative chemical potential

over the temperature

U ds
()., )
Summary
macrostate | p, thermodynamic potential | thermodynamics
EVN | g S=ksInQ 1=(2),,
dS = LdE + L4V — £dN E= (g—g)E,N
F=- (3_151)E %

3.2 Microcanonical ideal gas, Gibbs paradox,

indistinguished particles

Thermodynamics of an ideal gas (weakly interacting particles) using microcanonical

ensemble.

o We will use

We calculated T in chapter

Therefore we get

S= kB InT.
_ VN (@mmE)*

S=kyInT = kp (Nan+ gln(ZHmE) —ln%! —3N1nh).

We can easily see that for the temperature we obtain
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Chapter 3. Classical Ensembles

1 (35) 3N 1
—_ = | — = — —=Kp.
T \JEJ,y 2E
This leads to the well known equation

3

We say that kgT is the thermal energy. The equipartitian theorem says that for
every (quadratic) degree of freedom there is, in equilibrium, the energy 3ksT for
a particle. This is classical physics. In an ideal gas we have three degrees of

freedom. They are quadratic since

2 2 2
px py pz
Hoc2m+2m+2m'

We can also calculate the pressure over the temperature,

P [dS 1

T (8V)E,N Ny = Nk
This is also well known as the equation of state of an ideal gas.

. Gibbs paradox Striling’s formula (Appendix) is given by

I}]im InN!'~ NInN — N.

Therefore we see that

il Pt i

1n(3N)'~3Nn3N 3N
T2 2 2

The entropy then changes to

3
4drtmEN2| 3
S~ kBNll’l [V( N2 ) ] + EkBN
This is a problem, cause V should be 5. We will see this by considering 2 gases,

where T; = T, and P; = P,. Therefore we get

L L N N
NiN ViV
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Chapter 3. Classical Ensembles

Suppose we remove the partition between the two gases and let the gases mix.

We can calculate

AS=S—- (S1+8S,) .
—
mixing entropy

As we see we find

\% \%4
AS = kBN1 lnvl + kBN2 In Vz

Example: Ny =N, = &, V; =V, = £. So we get

AS =kgNIn2 > 0.

This is a paradox, because if we take the same gas left and right we see that AS
is still greater than zero. So the entropy increases - that makes it ill defined. The

formula must be wrong since

ASexpec’t =0.
The solution by Gibbs was to devide the phase-space volume(s) by N!. So we get
T(E) VN QmmE)*

N!  KNN! (3N/2)! °
Then, we see that the V problem in S is fixed,

I'(E) —

3
S= kBNln[% (g\,—";f)] + kN,
Now we get AS = 0 for the same gases.

. Undistinguished particles

In quantum mechanics two particles are indistinguishable in principle.

Example: two particles in three states. We have 3! = 6 possible states of the
system. These are called 6 microstates. If the particles are undistinguished we

have only
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Chapter 3. Classical Ensembles

3!
"2
states, where 1, removes the degeneracy due to undistinguished particles.

3

3. Correct classical phase space measures

3NN
dar

Q(E) = g(E)SE.

I(E) = f 40P o £ _ k(Q, PY),

If there are two types of particles we have to use

3.3 Canonical ensemble (T, V,N)

Canonical ensemble in a set of microstates of a system (A) in contact with thermal bath
(B). We say that a thermal bath is a reservoir. The system itself can be very small (even
1 particle). The reservoir is to be very large and is not changing due to the contact with

the system. We exchange energy between the reservoir and the system. We propose

E =E, + Eg = const,,

where E is the total system energy. Thus the total system is isolated. A and B can

exchange energy.

e Question What is the probability to find system A in microstate n of energy E,?

Answer We will show that

Pn = %GXP(—ﬁEn)I
1
5T

P =%
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Chapter 3. Classical Ensembles

The number of microstates corresponding to a fixed energy E, is

Qa(Ea) - Qp(E - Ep),
—_———
—Ep

with the number of microstates of A of energy E,, (4, and the number of mi-

crostates of B of energy Ep, Q3.

The number of microstates available is

Z Qu(E4) - Qp(E — E4).

Ea
Question What is the probability to find A with energy E4?

Answer We know that this is given by

Qa(Ea) - Qp(E — En)
Ye, Qa(Ea) - Qp(E—En)

Question What is the probability to find A in a microstate n of energy E, = E4?

p(Ea) =

Qp(E — En)
Yr, Qa(Ea) - Qp(E - Ea)

This probability is given mainly by Qg(E — E,), the number of microstates of the

Pn = pn(En = EA) =
reservoir! We know that

1
Qp(Ep) = exp (k—SB(EB)),
B
with the entropy Sg of B. So Qp(Ep) is a steep function of Eg. Therefore it is the

best to deal with In Q) = éS, when we do a Taylor expansion.

In equilibrium, A will have average (most probable) energy E,. We expand
Qg(E — E4) around E,4. We calculate
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dJs
Se(E—Ex) ~ Sp(E—Ea)+ aEiE . (Ea — Ex) +
A=LA
— dSp
~ Sp(E—-E,)— — E,—E;) +.
B( A) 8EB EBEEA( A —Ea)

= Sp(E-E,) - f(EA —Eq) +

e Neglecting higher order terms (9>S/JdE?) means that we assume T = const. So we

calculate

= QB(E — EA)

X

exp( S(E - EA))exp (—(EA - EA))
OE-E)
Yk, Qa(Ea) - Qp(E — Ex)

QB(E EA) exp( )eXp( Ea )
Qp(E — Ex) exp (,%) Y.e, Qa(Ea)exp (—é—AT)
exp(—Ea/kgT)
= = Ly, Q=
Y.r, Qa(Ea) exp(—Ea/ksT) Ea=E EZA‘
exp(_En/kBT)

L exp(=Ey/ksT)’
Thus we found the Boltzmann probability with the partition function Z,

=Sp, =

Pn % exp(—BE.), (3.7)
B = 1/ksT,
Y exp(=pE).

n

1. Classical physics

We see that

§QP) = Zrmoexp(-BH(Q,P),
dQdp
IBNN!

exp(~pH(Q, P)).
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2. Quantum physics

Again we observe that

o = 7 exp(-fE)),

Omn =
Z =Y exp(-pEy),
0 = 5 exp(-pA).

3. Maximum uncertainty principle

In chapter[I.4we found that if we fix the average of an observable A,

Z = Z pnAn/

then the probability that maximum uncertainity is

1 _
Pn = Z exp(—ALA,).

Thus the canonical ensemble is such that the uncertainty is maximized and

E = Z pnEn = const.,
- 1
/\2 kB_T = ﬁ

4. Internal energy E (or just E) and specific heat C

We know that

— 1 dinZ
E = ;ann = Z;Enexp(—ﬁEn) =— 9B .

This is called the internal energy. For the specific heat or heat capacity we calculate
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o - (B) 22
? 8TV dT dp
_ 1 (919 _ 1 [ 1(9z\ 13Z]_
 kgT2\9BZIB) keT2| Z2\9B) Zop*|
1 (= =
—_ - 2 _
B kBTZ(E E)'
Here we must know that

E?2 = Zn:an% = %Zn" exp(—ﬁEn)Efl =

1 02 10%*Z
= 28_52 Z exp(—BE,) = 28_/32'

n

1 [ = o2
Yy = Ez—E]: £
¢ kBTz[ ks T2

This forumla is important, since it shows that

a) ¢, is proportional to the energy fluctuation (o7).
b) ¢, is greater than 0 !

C) ¢, is proportional to N due to (JE/dT)y. Therefore we calculate

O—%OCN = Of & \/ﬁ

The relative error in measuring the energy is thus given by

OE \/N 1

— o — ox —— — 0,
ESN TN

for N — oo.

In the thermodynamic limit,i.e. N — oo, V — oo and thus N/V = const the average

energy will be

E—E fixed!

Thus it is very important to see that in the thermodynamic limit the canonical

ensemble is equivalent to the microcanonical ensemble!
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5. Entropy and free energy F

We see that

S =~k ) pulnpy=—ks Y~ exp(-BE) | 2 exp(-pE)| =

= —kB% Z exp(—=pE,)(—InZ - BE,) =

= kB% InZ [Z exp(—ﬁEn)} + kgg Z E,exp(—-BE,) =

n

1—
= kBIIlZ-i- TE

We call

F=-kgTInZ =E - TS, (3.8)

the (Helmholz) free energy. It is the thermodynamic potential, F = F(T, V,N) for

the canonical ensemble.

6. Thermodynamics

We will now calculate some of the thermodynamic quantities. We see that

OF\ Aoz F  ksT
(ﬁ)vj\] = _kB InZ - kBT? 8‘8 = T + @

(-E) = -S.

Therefore we have

OF
S=- (§_T)V,N' (3.9)

Similarly we introduce two other thermodynamic quantities. We have the pres-

sure

JF
b= ‘(W)T,N'

and the chemical potential
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(o
“=oN),,
Summary
macrostate Pn thermodynamic potential | thermodynamics
TVN | Jexp(~BE,) F=F(T,V,N) S=~(5 )
Z =Y, exp(—PEy,) F=-kTInZ P=—(%)
dF = —SdT — PdV + udN u=(%).,

3.4 Grand canonical ensemble (T, V, u)

Again our system A can be small, even 1 particle. The heat reservoir B is very very
large and E4 + Eg = E, Ny + Np = N, as well as V4 and Vj are fixed. The system A can

exchange energy and particles with the reservoir.

e Question What is the probability to find system A in a (one) microstate n corre-

sponding to the energy E, and number of particles N,,?

Answer We will show that

P Zicexp(—ﬁ(En—#Nn)),
Ze = ) exp(=B(Ey - uNy)).

n

Z¢ is called the grand partition function (sometimes also written as Z). The
number of microstates of the total isolated system A + B corresponding to a fixed

energy E, and a fixed number of particles N is

Qa(Ea,Na) - Qp(E — Ea,N = Ny),

with the number of microstates of A of energy E4 and particles Ny, 4, and the

number of microstates of B of energy Ep and particles Ng, Q.
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e The number of microstates available is

Z Qa(E4,Nga) - Qp(E — E4, N — Ny).
E4,Na

e Question What is the probability to find A with energy E, and particles N,?
Answer We know that this is given by

A Yen, Qa(Ea,Na) - Qp(E—Ea, N —Nj)

e Question What is the probability to find A in a (one) microstate n of energy

E, = E4 and number of particles N, = N4?

Qp(E—E4s,N—Ny)
Yo, Ny Qa(Ea,Na) - Qp(E — Eq, N — Ny)

This probability is given mainly by Qg(E — E4, N — N,), the number of microstates

Pn = pn(En =Es N, = NA) =

of the reservoir!
e Assuming that Eg > E4, N > N4 we can do the mathematics of large numbers.

e In equilibrium, A will have average (most probable) energy E4 and number of
particles N4 that corresponds to the maximum of Sy + Sg = Sa:5. Then we can
expand Qp(E — E4, N — N,) around E4in E4 and N4 in N,4. We calculate

dSg

Sp(E—E4,N=N4) = Spg(E—Es N—Ny)+ SELl - (Ea—Ea) +
AlEA=E4
dSp —
+ — N4s—Ny) + ...,
aNA NA:NA ( A A)
_ — 9Ss _
~ SB(E_EA/N_NA)_ﬁ _(Ea—Ex) -
BlEy=E-F,
dSg —
- — Ny—Ny+..=
N, NB=N—NA( A—Ny)
_ |95 _1 95 _ B
JEglg,-r5, T’ ONB |Ny=N-N, T

_ _ 1 _ _
= Sp(E~Ea N -Np) = =(Ea—En) + %(NA N+
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e Neglecting higher order terms (92S/JdE?) means that we assume T = const, because

B is very very big, so that

aT au

GE, N

So we calculate

~ Qy(E = E4, N = Ny) _
P Y Qu(Ea,Na) - O5(E — Ex, N — Na)

O(E ~Fa N -Nexp i Jexp (~£) exp (i ) exp (12)
QB(E EA,N NA) eXp(EA HNA)ZEA N QA(EA/NA) exp( Ep- .UNA)

exp(—B(EnA — 1iN4))
Zn eXP(—ﬁ(En - HNn))

e We call the Z = exp(fu) fugacity, which means tendency to escape. Overall we

found

Zy = Y exp(—BE,N)), Zg = ;)z"zN, (3.10)

n

Z = exp(fu).

1. classical physics

We see that

- dQdP
Zc = zN exp(-=pH(Q, P)),
G NZ:O f W3NN!

[s¢]

§QP) = 5= ) 2V s exp(-FH(Q P N))
N=0 ’

2. Quantum physics

Here it is
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P = o eXP(BEND — kN,
G

1 A ~ ~
o = Zc exp(=p(H — uN)), Nin) = Nin),
Zg = ftr [exp(—ﬁ(H - yN))]
Note: The trace means ¥.x_o Y-

3. Information theory point of view The grand canonical ensemble is the one which

maximizes uncertainty given the constraints

E= Z annr N = Z pnan

where T, 1 are the Lagrange multipliers in that case.

4. Particle number fluctuations Let us calculate IN/d.

N
rri ayz ZNexp (~B(Ew — uN,y)) =

0
= —iﬁZN exp(—B(E, — uNy,)) + ,BZN29XP( B(E, — uNy)) =

-N'p =N
N-N &
keT — kgT’

This result is important since

a) This means that IN/du > 0!

b) The error in N is o5/N which is proportional to 1/ VN. This goes to zero

when N goes to infinity. We also see

0% N o N.
du
So the average number of particles N is very well defined (small oy) in the

thermodynamic limit. This can be considered as fixed. Therefore in the
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thernodynamic limit with N,V — oo and N/V = const. the microcanonical,

canonical and grandcanonical ensembles are equivalent! The reason is that

E — fixed (2%0), N — fixed (G:N—>O).
E N

5. Grand free energy O(T, V, u)

We now introduce another potential,

(D(T, ‘/, [,l) = —kBTln ZG.

Remark The notation in the literature is (3, L, W, G,... Let us calculate the entropy,

S = —kg anlnpn =
N
1 1
= —kg Zn: Z_G exp(—=BE, + BuN,)In [Z—G exp(—pE, + ﬁyNn)] =
1
= ~kny—(~InZo) Z exp(—PE, + upN,) +

p _
+ kBZ_G ;(En — uN,) exp(-nE, + upN,) =

E—-uN
T

= kglnZc + %(E— uN) = —? +
Therefore we see that
®=E-ST - puN. (3.11)

In thermodynamics we see that E — E and N — N.

6. Thermodynamics We now calculate some relations.
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v d 3 1dZ¢
% = _kBTﬂ IHZG = _kBTZ_(;% =
1 —
= kT Z BN, exp(—B(E, — uN,)) = -N,
0D _ dﬁ ah’lZG _
8_T = _kBanG_de_T &ﬁ =
= 242 Y (B, N, exp(-B(E, — ) =
—TTnnunepﬁnun—
o 1= =
T — ?(E—yN) = —S.
We will see later that
P
37 = —P.
Summary
macrostate P thermodynamic potential | thermodynamics
T,V,u 7 &XP(=B(E, — uN,) ® = (T, V, ) s=-(%),,
Zc = Y., exp(—B(E, — tN,)) ® = —ksTIn Zg P=- (g%)m
- 9D
dP = —SdT —PdV - Ndu | N=-(%2)
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4 l|deal classical, bose and fermi gas

e classical gas
non-interacting classical particles, low occupation probabilities.
e bose gas

non-interacting bosons (integer spin), photons, phonons, integer-spin atoms,

cooper pairs, ... with no restriction on the occupation of states.
e fermi gas

non-interacting fermions (half-integer spin), electrons, protons, neutrons, up to

one particle in 1 state (Pauli exclusion principle).

e In the limit of T — oo all the gases are equivalent.

4.1 ldeal classical gas

In chapter 3.2l we found that

V (4mmEN?] 5
S(E,V,N) = ksNn [N ( o ) ] + 2N,
in the microcanonical ensemble.

1. Canonical treatment

e We know that

N A v
HQ,P) = — = +L 4+ N
QP) 2m  2m 2m

We need to calculate
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dQdP
3N NI

Z=Z(T,V,N) = exp(~BH(Q, P)).

e We need to calculate the partition function

1 — — -
£ = hB_NN|f Q f Ay - APy exp(=ppy/2m) - - - exp(—ppy/2m) =

OV [ [P A
= AN lfdpexp(ﬁ% = NI

e In the factorization we used the one particle partition function which is

\% 0 o0 00
Z, = ﬁ[f dpxexp(—ﬁpi/ZM)f dpyexp(—ﬁpi/Zm)f dp. exp(—pp2/2m)| =
1% 3 1% 174
= 5 (Vm2mksT) = h—)3 ==

( \2mmkgT

1 = [ h2 [2mh?
B ZHMkBT_ kaT

This thermal-de-Broglie-wavelength is equivalent to the de-Broglie-wavelength

(h/momentum) of a particle of energy ~ kzT.
e Question Why can Z be factorized into the product of Z;?

Answer Each particle interacts (exchanges energy) independently with the

reservoir. This leads to

1 VN
NIASN

1 VN

— 3N/2 _
/= ﬁh:;—N(z'r(kaT) =

e The free energy is F = —kgT In Z. Therefore we calculate

1

—ksTIn [— ( v

3

—
Il

A3

N 174
N ) l: ksT In NI —kBTNln(—) _

InN! ~ NInN — N| = ksTN In [%ﬂ] —kgTN =

kTN (1n [%ﬁ] - 1) o« N.
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e The entropy is S = —(dF/dT)yn. So we calculate

N ., J 3 _
s = kBN(ln[VA] 1) BTN In A’ =
_ N, 3\ 5
- kBNln(VA )+ KN,
Remark We see that
) : d 1dA 3
Tﬁ ln)\ = Tﬁ?)ln/\ = 3TXﬁ = —E.

Therefore we have found the Sackur-Tetrole equation,

S=S(T,V,N) = —kzNIn [%ﬁ] + ngN. (4.1)

e The internal energy E = F + TS,

E =

N1

kBTN - S = kBN In

—\3/2
V (4rtmE 5
N(3Nh2) ]+§kBN’

as in the microcanonical treatment (E — E).

2. Grandcanonical treatment

We calculate

z = exp(pp),
o o0 N N
Zg = ZZNZN = Z exp(ﬁyN)% (%) = Z % (exp(ﬁy)%) -

N=0 N=0 N=0

exp (eXp(ﬁu)%) :

e The grand canonical potential ® = —kgTIn Z; is

D = —kgT (%) exp(BLL).
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e The average particle number N = —(0D/du)ry is

% _
N = kBT(F),Bexp(,By) =—-pP = O =-kTN.
e Chemical potential
N
u= kBTln(V/lg’).

Remark If N < V/A3 we see that i — —oo. This is the case when the distance
between the particles is much greater than A or when there are much more

boxes than particles.

e The entropy is S = —(d®/dT)y,,. We see

%4 3 dA V\dp B
S = ks (F)exp(ﬁy)+kBTV(—Fﬁ)exp(ﬁ‘u)+kBT(ﬁ) ﬁ‘uexp(ﬁy) =
_ 230 v NN
= T 2T TkrT - 2N TNE S
— [N 5 —
= —kBN In [VAB] + szN

This is the same as in the canonical treatment in the thermodynamic limit
(N — N).

e The internal energy is E=®+TS+ yﬁ. We see
— — —u 5 — — 3 —
E= —kBTN — TNT + EkBTN'i' [UN = EkBTN

Again in agreement with the equipartition theorem.

4.2 Maxwell-Boltzmann probability distribution

Question What is the probability to find a given one particle in a state of momentum p?

Answer We know that
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2
_ -3/2 __P
01(p) = 2rmkyT) exp( kaBT).

We now want to calculate

> 1 > > - — 1 >
o(r1,p1) = ﬁexp(_ﬁH(ﬁ/pl))/ Z= fd371d3l91ﬁ exp(—BH(r1, p1))-

This is the canonical ensemble for one particle! So we see that

o7, ) exp( i ) .
1\, p1) = - =
2mkgT hSI‘%fdaﬁl exp (—ZJEBT)
1 exp(—p3/2mkgT)
V. (QmumkgT)32 7
= o) = f FR 0 7) = Vo, 71,
/ _ﬁz
> _ -3/2
= np-1) (2rmkgT) exp(—zkaT).

Question Suppose the particle is in an external potential U(7). What is ¢, (p)?

Answer It is the same because we also devide through the potential term. Thus we do

not have any space dependence! This is very important.

The velocity distribution

a(@d’p = ol(Panp’dp = o1(p = |P)dp,
= o) = 4np2(2kaT)_3/ 2 exp(—p2 [2mkgT),

1
@@@:@@W=@@E@,

2
dn(om)*mQ2rumksT)~>'? exp (— o ) .

= a(0) 25T

So we found the Maxwell distribution

3/2 2
3 o ™M _mo
01(v) = 4nv (—2nkBT) exp( 2kBT) : 4.2)

We see that we get
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[2kgT — | 8kgT
Umax = s 0= .
m im

The distribution is shown in figure (4.1).

glv)

o.0aof / N

0.025 E -'f \‘

o020 / N

polof [/ N,

poosf / S

Figure 4.1: Plot of the Maxwell distribution with kg = m =1 at T = 300.

4.3 ldeal bose and fermi gases; occupation humbers

Consider N identical (nondistinguishable) particles. The system is described by a

wavefunction

lP = ¢(a/ ceey FN)

e bosons The wavefunction is symmetric with respect to the exchange (swap) of

particles

17[}(77)1/ 77)2/ ceey ?N) = ll}(f)Z/ 77)1/ ceey 77)N) = ED(F;JV ceey f;?N)/

with p; the permuations of particle i, e.g.

(1,2,3) > (2,3,1) = (p1, pa, p3) = o(P) = +1.

Here o(P) is the sign of the permutation P, defined
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O_( P) — (_ 1 )number of permutations

e If 0(P) = +1 we have an even number of permutations, while with ¢(P) = -1 we

have an odd number of permutations.

e fermions The wavefunction is antisymmetric with respect to the exchange of two

fermions,

l,b(f)l/ cey FN) = _IP(F)ZI 17)1/ ey FN) = G(P)w(f;v cees 77;17\])
e algorithm

— Write down the Hamiltonian for N particles,

N 2 o
H= —%(V% + ...+ V%\[) + u(rll ceer TN) .
N———

otential
kinetic P

— Solve to get eigenstates ¢y and energies E,,,

H¢n = En’qbn

- Symmetrize (antisymmetrize) to get bosonic (fermionic) states.

Ebn,bosons = G Z lp”(ﬁH' e 17;71\1)’
P
¢n,fermions = Cf Z G(P)labn(ﬁol’ s 77;71\1)
P

The bosonic and fermionic states n have energy E,. It can happen that
Yy fermions = 0. Then the corresponding state n does not exist and E, is absent

in the spectrum.

e Now consider ideal bose and fermi gases, in which the particles do not interact,

u=20,

. [ 2
H = —%(V1 + ..+ Vy).
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Let 1x(7) be the single-particle wave function,

LT
5 V() = Ec(),

obtained by solving the single-particle hamiltonian. The single-particle energy is
&x. The quantum numbers of the single particle states are k. A generic N-particle

wavefunction (eigenstate of H) can be written as

Y@, . PN) = H Vi (7)-

The corresponding energy is

E = Z&ki.

i

The boson wavefunction is

N
lpboson(f)l/ 77)2/ ey FN) =0Cp Z H lpki(f;i)'
P i=1

The fermion wavefunction is

N
I;Dfermion(f)lr 77)2/ ceer FN) =Cr Z G(P) H lpki(ﬁ?i)'
P i=1

Therefore we can rewrite this with the help of the so called Slater-Determinate,

1
1;Dfermion(?l/ 77)2/ Ay 7[\1) i —

VN!

N GCYRERUNGY)
Y (7)o i ()
Example The Pauli-exclusion principle follows directly from this. Consider a

single-particle state k and two particles.

ku,boson = I;l)k(f)l)ybk(fa)/ E = 2¢y,

% (Yi(r1)i(r2) — Yi(r2)Pr(re)) = 0.

l7bk,fermion
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The state in which two fermions (or more) occupy a single state, does not exist.

This is the Pauli-exclusion principle.

Remark The distinction between bosons and fermions is important as long as the

single-particle wavefunction overlap. For non-interacting particles, the state is

uniquely given by the set of occupation numbers 1, (number of particles occupy-

ing the single particle state k),

E = Z NEk.

k
We have the constraint N = ), #;.

Grand canonical ensemble treatment. We have

bosons 1, =0,1,2,...,N, fermions n, = 0, 1.

The grand partition function is then

7o = i Z exp(—PEstare(N) + BuN).

N=0 states

With Egae(N) = Y nxéx we can rewrite this to

[e¢]

ZG:Z Z exp —[)’anek+ﬁy2nk.
k k

N=0 {m},Yx m=N

Therefore we find that
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Zg = i Z exP(—ﬁZ(ek—u)nk]=
k

N=0 {ni}, X =N

= Z exp [—ﬁ Z(é‘k - H)"k) O, mN =
N k

N=0
= Z exp(—p Z(é‘k — )ni) Z OxmN =
(e} k N=0
S———

=1

= Z exp(—p(e1 — w)ny) Z exp(—p(e2 — w)ny) - H Zy,

n

Y exp(—plex — ).

Ny

Zy

We call Z the single-state k grand canonical function.

e Bose-Einstein-statistics Since we have 1, = 0,1,2,...00, we can see by using the

geometric series for u < g that we have

[o0]

1
zfggexp( Plex = 1M = 1= S e — )

So we obtain

1
ze=|17=]lr—opa—w

The grand free energy is

® = —ksTInZc = kBTZ In(1 — exp(—p(ex — w)))-
k

The average number of particles is

— 00 _
= _(ﬁ)w Z exp(B(ex —m) - ;”

Therefore we got the Bose-Einstein statistics
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— 1
n, =
“7 exp(Bler— ) — 1
The average occupation of single-particle state k.

= n(eg). (4.3)

e Fermi-Dirac-statistics Here we have n; = 0, 1 which gives us

Zi =1+ exp(—p(ex — p))-

So the grand canonical function is

Zo =] 2= [ ] +exp(-plex — ).
k k

The grand free energy is

® = —kTInZc = —kBTZ In(1 + exp(—Bex — 1))
k

The average number of particles is

— 00 1 —
V=~(50),, - Lo et - L

Therefore we got the Fermi-Dirac statistics

_ 1 o
ny = xpBler— ) +1 f(€x). (4.4)

The average number of fermions in a single-particle state k is described by this.

4.4 Quantum gases at high temperatures - the classical
limit
From the last section we know that

1
~exp(Blex— ) ¥ 1’

Ny
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LowT High T
[ B ) E E
Bosons Fermions Bosons Fermions

Figure 4.2: Comparison of fermions and bosons at low and high temperatures

with — for bosons and + for fermions. This results in figure

We get 1, < 1 if exp(B(ex — p)) > 1. In this limit we have

1y ~ exp(—p(ex — p))- (4.5)

This is called the Maxwell-Boltzmann statistics. This is used to describe classical gases.

For the average particle number we get

N= Z 1 = exp(Bu) Zk: exp(—per) = exp(Bu)Z: = exp(Bu) = Zﬁl

k
Overall we found that

—1
Ny = NZ— exp(—pex).
1

Thus the probability that a single-particle energy level ¢ is occupied is given by

Px = =§fmkﬁﬂ (4.6)

z|| =

Remark Compare this with

1
Pn=7 exp(—BE,).
The difference is that the one above is always valid and refers to the probability to find

the (whole) system in many particle state of energy E, while the one we found only

describes one particle states and is only valid in the classical limit.

Question At which physical conditions is the classical limit realized? What is ‘o0’ in

T — 00?
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Answer For n, << 1 Ve, we get that

L:ﬁy—)—oo.

kgT
In chapter 4.2l we found for a classical gas

N
u = kBTln(V/'\‘%) .

We see that ji/kgT — —oo if A3N/V < 1. Therefore we see that

1/3
(Z) > A.
N

This can be interpreted when we see that V/N is the volume available for one particle.

The classical limit is reduced when the distance between particles is much greater than
the thermal de-Broglie wavelength A. We should note that A = A(T) o 1/ VT.

The summary is shown in a graph, figure

R
15F \ . .
L \ Bose-Einstein

L1

l'.
LT Maowel I:hphzman n

"".:,75-:___

Fermi-Dirac _
M E R T S e o——— £ [k T]
0.5 0.5 1.0 1.5 10 15 3.0

Figure 4.3: Comparison of the most important statistics

4.5 ldeal quantum gases and the maaximum
uncertainty principle

Consider levels i of energy ¢;, each g; degenerate. Let n; be the occupation number of

(all degenerate) levels of energy ¢;. We will now investigate using
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N:Zni, E:Zsini.

1. Bosons
Question In how many ways can we distribute n; Bosons in g; states?

We see that we have n Bosons and ¢ — 1 seperating walls. Thus we have total

n + g — 1 circles. This results in

i+ i—l
Qi=[n g ]
n;

This is the number of ways to distribute n; Bosons in g; states. For all energy

levels we have

Q:HQi:H[nﬁiiq}

2. Fermions

Here we have

Q; =

8i .
n;

Therefore we find for all energy levels

3. Maxwell-Boltzmann particles

Classical, indistinguished particles. There is no correlation between particle oc-

cupation.

¢ Distinguished particles,

1
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¢ Undistinguished particles,

4. Maximum uncertainty principle

We will now do the basic calculation for the Bose-Einstein statistics. The calcula-

tion for the Fermi-Dirac and Maxwell-Boltzmann statistics is nearly the same.

Question What is n; if the entropy should be a maximum, given the two constraints

E:ZEini/ NZZI’Zi?
& €

Answer We can do the calculation with the method of Lagrange-multipliers and

S=klnQ.

A variation of this results in

6(S—Alzni—AQZeiniJ:0.

& &

By using 6g; = 0 (g; is a constant) and Stirling’s approximation we calculate

s = kan:klnHIn(nl+gl ] kZl (’“gl ]

= kZ [In(m; + ¢i — 1! = Inn;! — In(g; — 1)!],
=2 = Z(éln(nl+g1—1)'—5lnnz')—
= 2(6( (i + 80) In(n; + g9) — In(n; + 8) = 6 In(1y) — 7)) =

= Z (6711- In(n; + gi) + (n; + gi)ng = 6n-) - (6711- Inn; + nizéni - 6711-) =

= Zénl(ln(nl+gl —Inn;) = Zénl (n1+‘g1)
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The extremum problem

e}
Il

05 — M Zéni - /\-22 &on; =

Lo () ).

can then be solved with the knowledge of

Mfk=p, Mjk=—ppu.

Overall we get

1 1
" S expledalk+ A — 1 Sexp(Ble — p) — 1

To get the occupation of one of the states g; divide by g;. Therefore we found the

Bose-Einstein statistics,

1
Mstate of energy ¢; = exp(ﬁ(&‘ - [J)) -1

4.6 Blackbody radiation

We already know that photons have a wave vector k and a polarization A. We also

know that there are two independent polarization states. The photon energy is given

by

hiw = hwy = Tike,
with the speed of light c.

e Photons are bosons (with spin 1), so they obay the Bose-Einstein statistics.

e The chemical potential of photons is zero (i, = 0). The reason for this is the
creation and annihilation of photons. Their number is not fixed. The average

number of photons is determined by T, V. Then we see that
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oF
F=FT,V ={==]=0.
v = u=(5]
Another (alternative) explenation will be given in the recitation class.

Photon-statistics:

1 2
M= ZA: exp(Bhwy) — 1 - exp(Bhwy) — 17

Question How many photons there are at given frequency w?

Answer The photon spectral density is

v 2
7’1((1)) Z nké(a) - Ck) = (27_()3 fd3kW6(a) - Ck) =

k
2V , 1 1 (0 |\
(2m)3 an fdkk exp(Bhwy) — 1 26 (? - k) B
1% w?
72c3 exp(Bhiw) — 1

So we get the number of photons of frequencies in [w, w + dw] in a box of volume
v,

1% w? o
23 exp(fliw) =1

n(w)dw =

Historically important is the spectral energy density, u(w) per unit volume, de-

fined as

Vu(w)dw = hon(w)dw.

This is the equation known as Planck’s law,

1 fiw®
72c3 exp(hiw/kgT) — 1

u(w) = 4.7)

Therefore the shape of u(w) depends only on T! This is a way to measure T very

precise. The general shape is shown in figure
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ooz [/

.|...|...|...|..---___Ic..-[.{_ET:
& 10

Figure 4.4: Planck’s law for ¢ = i = 1 with w in units for kgT

A black body absorbs all radiation and emits according to Planck’s law.

The number of photons is calculated by

N

0 1% 0 w?
fo n(w)dw = n2c3f0 oxp(Ta) = 1da) =

| x=piw |V 1 f"o xdx
dx = Bhdw ni2c3 (Bh)® J, exp(x)—1
~2.404
~ V (keT\

Total radiated energy is then

o

fooVu(a))dw— Vhfm D o= v = | =
0 2 ), exp(Bhw) -1 = phel =

Vi 1 f‘” Y VR D
23 PRyt Jy  exp(x)—1 m23 R+ 15

=n4/14
4
EUVT4 oC T4,

cl 1 ,n*t 17k

473 m2c3 B15 ~ 60 H3c?

We call ¢ the Stefan-Boltzmann constant.
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4.7 Bose-Einstein condensation (BEC)

Consider bosons of mass m (real atoms) of energy &, = #*k*/2m. The number of bosons

is given by

1
N=) e T

Remark We can calculate

Y flen -
k

So we see that this is

fd3kf(ek) = (2‘;)3 fdefd3k6(s—ek).

v
(2m)°

3/2
f deg(e)f(e),  gle) = (ZZ)g f Fkble — &) = g;h Ve

Then we get

00 Vm32 [ Ve
= = d = d '
N Zk" M fo en(e)g(e) N fo “exp(Ble — ) — 1

We get 1 < 0 because 1 has to be smaller than the smallest ¢, which is € = 0.

e The maximum number of bosons corresponds to u = 0. We calculate

vmdz (7 Ve
N = f de———— = e =x| =
Vo Jy “exppe—1 P
(\/2nkaT)3 2 f‘” Vx
V dx:
h Vi Jo exp(x)—1
- (13) 2 f v z2.612(z3).
A) A Jy exp(x)—1 A

=C(3/2)I'(3/2)

Here we have a problem by using the integral instead of the sum. We forget about
the first (ground) state. We get g(0) = 0 - but we know that there is 1 state. We

can fix this problem by using
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N = Neg + NO™,

So this one is fixed at T, u. N, is the number of bosons at the lowest energy state,
k =0and ¢ = 0. We see that

max

Newe 2.612 particles

V  thermal de-Broglie value’
The temperature at which the lowest state is populated is called T, critical tem-

perature. We see that

Ncont(TC) — N,

max

N )2/3

1% 12
:>2.612-(—) = N = kBTC_—(2.612V

A3 2ntm
At T = T¢ we speak of the BEC.
Question What is the number of atoms in ¢ = 0 level?

Answer We see that

Tc

1% v 1%

Therefore we can calculate that

Ns:o_ﬁl_(g)”
vV VvV Tc ’

The relative number of particles is illustrated in figure

Niax _ Neso _ N( T )3/2

4.8 Vibrations in solids (phonon gas)

1. Einstein’s model

Atoms are connected to a spring of frequency w. The energy of the spring is given

by
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N
1.0 [~
L H‘*-R\
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Figure 4.5: The relative number of particles for N,-y (blue) and N, (red)

1
8—716()(1’14‘5).

The average energy for one such oscillator is
=hofi+s), 7 .
= Nw =, =,
2 exp(fhiw) — 1
given by the Bose-Einstein statistics for quantized vibrations. Atomic vibrations

are bosons with u = 0.

e There are N atoms. There are then 3N independent oscillators. The internal

energy of Einstein’s solid is

= 1 1

e The heat capacity is

o _(9E\ _9BIE _ () _ exp(phe)
Y o\oT , dTop kgT | (exp(Bhiw) — 1)? B

e For large T with kgT > lw we get that

1
Cy = 3NkB = 6§kBN
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Therefore 6N times equipartition theorem value. So 6 quadratic degrees of

freedom. This is the classical result.

e For low T with kgT < fiw we get that

2
Cy = 3NkB (h—w) exp(—ﬁha)) —>T-0 0.

kgT
e [Mikg]
3.0 - e —
15[ /,- _____———________
E f .-'"-d-.---f-
20} ~
I S
[ |
L | l.l"
L ) !
1ofF |
[ I/
L I
- I."
0.5 - I:.'I
-ju 1 L 1 1 1 1 T

Figure 4.6: Einstein’s model (red) in comparison to experiment to a.u. (blue)

Remark If there are conduction electrons present in a solid at a very low T,

we have ¢y « T. For insulators we have ¢y o« T2 for low T.

2. Debye model

The atoms are connected by springs. The dynamics decomposes to that of 3N
normal modes (phonons), plane waves. These are characterized by momentum K

and polarization A. There are 3 polarizations: 2 transversal and 1 longitudinal.

e The spectrum is given by

Wy = Utk

Wy = Ulk

W) = U/\k = {

Typically we have v; > v; with v ~ 10° — 0* m/s.

e The density of states is
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g(w)

k; O(w — wyy) = (2‘;)3 Z deIz(S(a) k) =
= (2‘;)3 ;471[ dkkz—(S (_ B k)

Vzv‘a)2 Va)(l 1 1) Va? 3
= — )y — —+=+—=|==—==.

2 oy 2 \oy v u)) 210l
| —
=3/v3
So we found that
g(w) e w’. (4.8)

e The total number of phonons is given by

WD vV 3 WD 5 2N 31/3
?)N:‘f0 da)g(w):ﬁv—gfo wdo, a)D:(6n Vvs) ,

with the Debye frequency wp, which is the maximum allowed frequency.

e The internal energy is

— “D w® ,8776() =X
S (P [
0 exp(phw) — dw = o
- l% € 4fﬁthdxx—3 —
22 \BR) Jo exp(x)—1
hop
V1 k 5T x3
= 3 = — B d _— =
% = 3N 9NkBT(ha)D) j; xexp(x) -1
_ ha)D

Tp=—2

T 3 Tp/T x3
kg = INksT (TD) f dxexp(x)—l'

We call T the Debye temperature.

e For high temperatures T > Tp we get

TD/T<<1 x3 TD/T x3 1 TD 3
dx——m——— = dx— = = (—) .
0 exp(x) —1 0 x 3\T

Therefore we calculate that E ~ 3NkgT and thus ¢, ~ 3Nkg.
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e For low temperatures T < Tp we calculate

Tp/T>1 X3 00 x3 7.(4
f & f =T
0 exp(x) — 1 0 exp(x)—1 15

Therefore we calculate that

— T \3 74
E(T<Tp) = 3NkBT(—) — o T,
Tp) 5
127t T \?
AT <Tp) ~ 28 NkB(—) o T°.
5 To

This is in agreement with the experiment.

4.9 Equipartition theorem, virial theorem,
thermodynamics of diatomic gases

1. Equipartition theorem

Let g; be generalized coordinates and p; be generalized momenta. Thermal aver-

ages (classical physics only)

oH _ OH _
qi 8qz - pl&pi B

Proof on the web of the lecture.

kgT.

2. Virial theorem

This follows directly from the equipartition theorem,

__ H ——
hi=-g = ; 7. = —3NksT.

3. Thermodynamics of ideal diatomic gases (H», HCI, N,) at high temperatures

This is an application of the equipartition theorem. We calculate
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3N 3N
H= Z ap? + Z big?.
P P

Therefore we see that

3N N w
JH oH _ i -
;plapi +q185]i = Z;EIZPZ. +2;bzqi — 9l

So overall we have

_ — 1
2H =3NksT +3NksT = H=(3N+3N)- 7ksT.

For the heat capacity we derive

1
cv = (BN +3N) - EkB'
Per quadratic degree of freedom the heat capacity is 1kg.

a) Translation: 3,

Cy,trans 1
—— =3 ~kg.
N B

b) Rotation: 2,

The energy of the rotation is given by

2 1.,
E—El(lﬁ'l), H—EL,

with the moment of inertia I and the orbital momentum quantum number /.
Only two rotation freedoms, because in the 3rd one, I is very small. Therefore

7i?/21 > the disocciation energy. Effectivly two rotational degrees of freedom.

c) Vibrations: 2 (momentum and position),
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The energy of the vibrations are given by

1
e—ha)(n+§).

At very very large T we have

v _ 1. 7
N —(3+3+2) 2k3—2k3.

Typically vibrations are excited only at very large T, so usually we observe only

translation and rotation,

Cy _ §
N = Sk (4.9)

Meat the dissociation

| At these termperatures :i;”rie::ziﬁ;;czi?m(
the rotational degrees two more deqrees of
Cy= 2 p Hof freedom are "frozen freedam imgl ina that
2 aut”and the specific 'hratian i I:||'||::=~Iu.f E?ffecti n
heat is Tike that of an :’;Especiﬁc bt "
C, = 5p ideal monoatomic gas. j : :
2 M For wibration
/ﬁt inter mediate temperatures kinetic energy
/ the rotational degrees of and potential
C,=3p freedom are manifest, giving || [ enerqy each get
2 five deqrees of freedam enerqy RAZ21n
2 equipartition.
u
;Hix [ i L 1L LI [ L
2 10K 100K 1000K 10,000K

Temperature {K)

Figure 4.7: The addition of degrees of freedom with increasing temperatures

4.10 Degenerate Fermi Gas

Electrons in metals, white dwarfs, *He, ... We know that ¢r is the largest occupied

level at zero temperature and is called Fermi energy. We thus can define T, the Fermi

temperature through
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kBTF = £&r. (410)
We can analyse three special limits.
1. For T = 0 we get
f(e) = O — ).
2. ForT < Tr with T > 0 we get
1
fe) =

exp(B(e —u)+1°

3. For T > Tr we see that © — —co which leads to

fle) = exp(—B(e — ) <1, ple —u) > 1.

We can see the plots to these limits in figure The case of T < Tr is the case of

degenerate Fermi gas.

Figure 4.8: T = 0 (blue) vs. T < T (red) vs. T > Tr (gold) with g =1

Example Electrons in metal have Er ~ 10 eV. Therefore we calculate that

Tr = Er/kg = 10° K.
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So electrons in metals are degenerate fermions. In this section wie deal with degenerate

electron gases.

1. The density of states g(¢)
We have ¢ = Ii*k? /2m with a spin degeneracy of ¢ = 2. We know that

gle) =2

ks 2 M e Ve
<2n>3f Y, e A
2. The chemical potential

First we calculate the number of particles with a factor 2 due to the spin degener-

acy,

_ 1% °°
N = zzk" =20 f Pk f(er) = fo deg(e)f(e)

This equation defines our u! So we just have to calculate it - which gives us

Vmd/2 f‘x’ 1 Vm3/2 1)

d
\2m2h3 ¢ \/Eexp(ﬁ(e - w) + 1 \/_7-(2;—13

So we can determine the chemical potential using

© 1
) = fo TN e+ T

and Sommerfeld’s expansion (see appendix). We get

3/2 ( T)Zli

\/_

By inserting this into the number of particles equation we get

I(u) =

Vvm3?2 [2 G 1
N=2—— |23 + —(kgT)*— + ...|. 4.11
e 3 T2 R N

For the special case T = 0 we get

2 VM 20y = 0L 2
\/—n2h33 V2r2i3 3 F

N =

(4.12)

=¢F
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By dividing equation through equation we obtain

2
_ ﬁ)” ™ (BT} __1
1_(€F + 5| (H/EF)1/2+W

We can solve this for u = u(T) by iteration. The lowest order os u ~ er. This

solution is inserted into the second term on the right. So we get

3/2 2 2 3/2 2 2
1=(£) _(k_T) = (4 1_(k_T)

8

By using (1 + x)" = 1 + nx for small x we get that

EF &r Er 8 &r

Two other important identites are

V 4 (2mE\*?
&) = Z(n)3§”( hZ) ’
o = T__V 4 (Z_m)”
g = de_(27'c)337T 112 .

. Internal energy E

We see that

- G 512 (ksT)’
E_fo deeg(e)f(e)fvg(E—F) Ny[1+?(7) +]

By substituting y = p(T) from the last subsection we get
= 3 512 (ksT\’
E = gNEF |:1 + E(é’_p) + } .
At T = 0 we see that Er_g = INe.
. Heat capacity

We calculate
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ér

E 22k2T 2
o= () - e ST g ()
dT ),

5N e T 2
Therefore we found that

cy o< T. (4.13)
This is important since phonons are o T° for instance.

1st Remark The Fermi momentum #ikr

We can calculate the radius of the Fermi sphere in momentum space and obtain

N 1/3 hzkz
_ (a2 L __F
kp_(sn V) r T oy

where ik is the highest momentum of an electron at T = 0. We found that

er=w(T=0)=

2
N1 Var 3) "
V2 md2z 2 '

Typically kr ~ 1/A. Therefore Af ~ A.
2nd Remark Physics behind cy oc T

Many energy levels. With T < Tr we have all levels occupied till ¢r. Since kgT is
the thermal energy per particle and the Pauli-exclusion principle does not allow
lower electrons to go up with their energy because the upper states are occupied,

only electrons of energies kgT below ¢r can be thermally excited. So

N, excited electrons & T.

The energy of the excited electrons is kgT/electron. Thus the total change in

energy (compared to T = 0) is

AExT-T=T?

because the number of electrons is also proportional to T. So overall we found
that
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5 Non-ideal gas

5.1 Virial expansion

We consider a non-ideal, which is an interacting gas.

e Assume pairwise interaction,

wii(7) = u(|7; = 7jl),

with the distance between i and j being |7; — 7.

Figure 5.1: Typical potential with a strong repulsion at the beginning and weak

attraction in r,

We consider weakly interacting systems, dilute gases (low density), so that u(typical

distance) is much smaller than kpT.

e Note At room temperature kzT = 25 meV. The total potential energy is
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Chapter 5. Non-ideal gas

u-= Zui]-.

i<j
The total energy is then
p?

H:%+u, PP=p+p+ ..+

Task Calculate (as well as possible) Z. We see that

dQd dQd
Z = f o exp“ﬁH’:f T exp(~fy/2m) exp(~fi) =

d d d
_ VthaNZ;\]! exP(—ﬁp2/2m)fV—%eXP(—ﬁu):Zidfv_%exp(_ﬁu)'
=Ziq

N
Zig = i(K) :
N!\A3

e We need to calculate the exponential function,

exp(~pl) = exp(~p Y uy) = | [ exp(-puy) =
i<j i<j
= [Ja+exppup-n=]]a+7s.
i<j _Ef\" - i<j

We call f;; the Mayer f-function.

e We expand

exp(—pu) = (1 + fi))(1 + fiz) - (1 + fy-in) =1+ Z fij + Z Z fiifa + -

i<j i<j k<l

and continue evalulating

72=24-Z=79+7Z0+7? + ..
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Chapter 5. Non-ideal gas

o We see directly that 70 = 7... For the first order term we obtain that

Zu [ L fi=Zugg g [ @R ERuf7 - 7 =

i<j

1 N2 - - - -
Zidﬁ_ fd371d37’2f(|7’1 —1l) =

==l = zuy [ @ [ @i =
1 N? )
= Zid‘—/74nfdrr f(r).

7@

IN>1| =

e If we neglect higher-order terms (f?, f°, ...) we get

Z~70+70 =7+ Zidgan fdrrzf(r),

or

Z

— ~1-NunB,, B, = 21 f drr* f(r),
Zi

with n = N/V and the second virial coefficiant B,. We call Z = Z© + ZM + .. the

virial expansion.

1. Cluster expansion

Remark We see that Z/Z;; is 1 — NnB,. We expected something to be to the
power of N - not linear in N. This is a problem, because we want something
tobe FocInZ o N.

Let us go back:

f 2y 1N(N 1)fd3 PR

i<j

Denote this as symbol I The diagrammatic rules to calculate Z/Z;; are
— Number the dots from 1 to #, I%

— For each dot i write
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Chapter 5. Non-ideal gas

1
. f 7,

- Give a factor of NN —1,N -2, ... for dots 1, 2, 3, ... corresponding.

- Finally divide by the symmetry factor, which is the number of per-
mutations of the diagram leaving the product f;;fi; (or the diagram)

unchanged.

Let us look at O(f?) terms,

[FRLL

i<j k<I
There are 2 ways to make the diagrams with 2 links: connected or discon-

nected.

a) connected

Figure 5.2: The diagram for two connected links

The symmetry factor is 2 because we can only change 1 — 3 in order to
get the same diagram again. The integral is then

N(N - 1)(N - 2)
2V3

PAREBETf (7~ 7)) f(172 = 7).

b) disconnected

The symmetry factor is 8 because we can change 1 — 2, 3 — 4 and
12 — 34. The integral is then

INN-1)(N-2)(N-3 S B B B 1 /e\2
g ( X 7 ) )fd3r1d3rzd3r3d3r4f1zf34%E(I) :
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Figure 5.3: The diagram for two disconnected links

If we continued further we would get

Z%:1+1+F1+1.1+F1a+...+1-F1+1-1-1+...

The is called cluster expansion. We make an approximation (f < 1) and take
a subject of connected diagrams (ireducible diagrams). Then connect them
and form higher-order terms, so that they can be cut. We take the simplest,

S1. So we get

Z%d ~ 1+ +% (I)Z + %(I)S +...=exp (I) (5.1)

This is called Dyson equation.

. The free energy and pressure

We know that S; = —=NnB,. First we calculate the free energy

Hj
Il

~kgTIn z£ + Fiq ~ Fiy — kgT In(exp(S1)) — Fia — kT =
id

= Fi;+kgTNnB,, B, = 21 f dri? £ (7).

Now we calculate the pressure,

_ 8F1‘d N _ NkBT BZ
P = (8V) kBTN( VZ)BZ_ v +NkBTnV.

TN
Therefore we get a correction to the equation of state for gases,

PV
NkgT

=1+ nB,. (5.2)
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5.2 Van-der-Waals equation

Let the potential be

c
—r F>T0

u(r):{ oo, r<ry .

We calculate the second virial coefficiant,

=)
N
Il

-2m foo dr* f(r) = =27 foo drr*(exp(—pu) — 1) =
0 0

-2n ffo drr*(exp(—o0) — 1) — 271 f°° dr*(1-pu—1) =
0

1o
1 1 « c
= 27’(51’8+kB—T27Z£ drrz(_r_m):
——

=b

=—q

a

= b-—.

kgT
Then
rv Lonp T2 1 _
NkgT ~ ksT ~ 1-nb  kgT’
1 1 1N a
So we obtain the Van-der-Waals equation,
(P + an*)(V = Nb) = NkgT. (5.3)

We call Nb the exclusion volume and say that an? is the pressure from the attrative long
distance force.
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6 Thermodynamics

6.1 Work and pressure

We consider a box with a volume V which can be compressed by a pisten moving dx
with the area A. Sowe get V — V +dV,

dV = —Adx.

The work done by the pisten on the gas is

dW = Fdx = PAdx = —PdV.
Remark The work by the gas is +P4V.

¢ In going from thermodynamic state 1 to 2 the work done on the system is

2
W:—f PdV.
1

Assumption: Such (and similar) formula hold for quasistatic processes only. Qua-
sistatic means very very slow. That is slower than the relaxation in the system. The

system is (close to) in equilibrium.

e Important: dW is the infinitesimal work - this is not an exact differential. Some-
times dW is written asdW.

e Exact differential df performs like

fl2df=f(2)—f(1) = flldf:O-
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Chapter 6. Thermodynamics

e Imperfect differential dg performs like

1
fdgqto.
1

The integration of ff dg depends on the path from 1 to 2.

e Example: Let f(x,y) = xy. So we see that df = ydx + xdy is an exact differential.

If we now just take dg = ydx we get this imperfect differential.

(D 1/2
f s [ 12
(0,0) 0,
if the first way is x = y (straight line) and the second way is from the x-axis to the

y-axis (y is zero for the first part).

e Functions f whose infinitesimal df is an exact differential are called state functions.

Popular examples are E, S, F. State functions depend on the state, not on the path.

Example: Ideal gas at constant T. If we change the volume from V; — V,

2 Vs
W:—deV:—f PdV =
1 vy

6.2 The first law of thermodynamics

PV = NksT,
NkgT
P===

= NkBTln[Vl] .

Energy conservation in form of

dE = dQ + dW.

In this case dE is the increase of internal energy (E, E, U) of the system, dQ is the amount

of heat added to the system and dW is the amount of work done on the system.

e JE = dQ — PdV is an exact differential. Therefore dQ must be an imperfect
differential (since PdV is an imperfect differential). The dimension of energy is
Joule [J]. The dimension of thermal energy on the move (heat) is also Joule, but more

often it is given in calories,
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1cal =4.1867.

One calory is the amount of energy needed to raise the temperature of 1 g of water
from 14.5 °C to 15.5 °C. The food industry also introduced

1 Cal =4186] = 1000 cal = 1 kcal.

e Some terminology is needed for many processes.

adiabatic process: dQ = 0.

isentropic system - adiabatic and quasistatic - dS = 0.

isothermal system has dT = 0.

isobaric system has dP = 0.

isochoric system has dV = 0.

Extensive quantities depend on the size of the system (e« N)-like E, S, F, V)N, ...,

while intensive quantities donot depend on the size like T, P, u,n = N/V; ....

6.3 Enthalpy and heat capacities

We know that

dQ = dE + PdV.

For the heat capacity we calculated

_(9Q
c= (ﬁ) .
process

_ (4R} _(4E
v=\ar), ~\at)

Experimentally it is easier to measure

We also saw that
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_(%Q
o= (@),

We get to this point by doing a simple Legendre-Transformation,

dQ = dE + PdV = dE + d(PV) — VAP = d(E + PV) — VdP = dH — VdP.

We call H the enthalpy,

dH
H=E+PV, cp= (d—T)P. (6.1)

Example: Ideal gas with E = 2NkgT, PV = NkzT gives us

5 3 5
H = ENkBT, Cy = ENkB, Cp = ENkB

So we do see that cy > cp. This relation is always given.

6.4 Second law of thermodynamics

Ireversibility: There exists a state function, called entropy S, such that in an isolated
system AS > 0.

e Ina quasistatic process, dS = dQ/T, or S(2)-5(1) = flz dQ/T, with dS being an exact
differential. Therefore dQ/T is an exact differential, which is quite remarkable.
Since S is a state function we see that S = S(E, V,N) like in the microcanonical

ensemble (in the thermodynamic limit all ensembles are the same). So we get

JS )
o= (Ge), =+ (),

with N being constant and not considering variations with N for simplicity. The

first law then states that

_ oo s _ 95\ _dQ
dE=dQ-PdV = (85/8E)V—dQ = dQ(aE)V—T.
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e The entropy is extensive:

SA+B = SA + SB.

e The heat flows from a hotter to a cooler object. Consider two systems A, B

connected. T4 > Tp and AQ4 = —AQp. So we calculate

— = = ———1>0
ASap = ASy + ASp ) + ; AQp : NE
———e

Therefore we see that AQp must be greater than zero - which means that the heat

does indeed only flow from a hotter to a cooler object.

e Removing internal constraints lead in general to entropy increase. This also
causes some irritations because we can show that from the SEQ we can see that
in the microscopic context dS/dt = 0. But according to the second law dS/dt > 0.
Therefore from microscopic to macroscopic something happens (the reason for

this is still unknown - this is why it is called a law). Things are ireversible.

6.5 Third law of thermodynamics

At the limit T — 0 we must have cy(T) — 0.

Remark As T — 0, S goes to zero or a finite number so that S/N — 0. Classical ideal
gas does not follow the third law of thermodynamics, because cy is a constant. This is

fixed for Fermi and Bose gases.

6.6 Free energies

o Istlaw: dE = TdS — PdV + udN, with the new term udN. There y is the energy the

system gains when a particle is added to it, keeping V and S constant.

Remark Since for bosons u < 0 (if & > 0), if bosons can be created, y — 0

otherwise the energy would be decreased to —co (by producing co bosons).
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e 2nd law: AS > 0. Therefore in equilibrium S has its maximum (maximum

uncertainty).

1. Helmholtz free energy F

Consider a system in contact with a reservoir. We have V, N fixed, but the energy

can be exchanged,

AE +AEgr =0,

because the whole system is isolated. In this notation AE is for the system and
AEg for the reservoir. But the 2nd law states that

AS + ASg > 0.

Since the reservoir is not affected we have AEg = T - ASg (from the 1st law). This

brings us to

1 1
ASg = =AEg = —=AE.
Sk = FAER = =%

Then we have

AS + ASg = %(TAS — AE) > 0.
As T > 0 we find that

AE —TAS = AF <0.

We found the Helmholtz free energy F,

F(T,V,N)=E-TS. (6.2)
From the 2nd law we see that for a system in contact with reservoir, fixed T, V, N
AF < 0. Therefore in equilibrium F has a minimum.
2. G,H®

In the same way we can show that if the system is in contact with a reservoir for
tixed T, P, N we get the Gibbs free energy G,
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G(T,P,N) = E—TS + PV. (6.3)

We see directly that G reaches minimum, AG < 0. For S, P, N we get the Enthalpy
H,

H(S,P,N) = E + PV. (6.4)

Again H reaches the minimum with AH < 0. Finally we get the Grand Potential
® which reaches the minimum as well (A® < 0) for T, V, ,

O(T, V, ) = F - uN. (6.5)

Legendre transformation

Take f(x1,...,x,) withdf = Y, uidx;, u; = (%)x . Now consider
i/

n n

g=f- Zn: UiXi, g = Z uidx; — Xn: du;x; — Z u;dx;.

i=r+1 i=1 i=r+1 i=r+1

This gives us

r n

dg = Z u;dx; — Z xidu;g = g = g(X1, e Xy, Up1, oy Up).

i=1 i=r+1
We say that (1, x) are conjugate variables.

Different free energies are connected by Legendre transformation. An example would
be:

1 _(dS
S—S(E,‘/,N), ?—(ﬁ)vll\[-
Thus (T}, E) are conjugate variables. We perform the Legendre transformation and

obtain

1 1 F
S—zE=-=(E-TS)=—r.
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6.7 Maxwell’s relations

Take (3_‘5/)TN for instance. First find out which free energy (potential) has T, V,N as
natural variables? We see that this is the Helmholtz free energy F with the differential

dF = —SdT — PdV + udN. Now we use the permutation of the second derivative and

dS\  _(PF\_(PF\_{(oP

oV)py \dToV) \aVoT] \dT},,’
This is a Maxwell’s relation. Another example would be (g—ls,)
would be dG = —SdT + VdP + udN. We obtain

8\ __(av
P ) - o\oT N

We can use this to investigate the relation between cy and cp. For this we fix N. We get

aJs aJs aJs
o=1(5) =G, )

By taking the derivate we obtain

7).~ 7). () (o),

—_—— O

obtain

. Here the potential
TN

1 1
TCp TCv Maxwell

By using Maxwell’s relations we get

1oL PV T
= T1v \av) |\oT),] -

We now define two important variables,

1(0V s
Kro= -p (ﬁ)T (compressibility),
1(dV -
a = 3 (3_T)p (expansibility).
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We can now write

T
Cp—Cy = V—az > 0.
Kr

6.8 Gibbs-Duhem relation

First we need to know something about homogeneous functions. Let f = f(x) be such
that f(Ax) = A¥f(x). Then f is called homogeneous of k-order. We now consider k = 1,
thus f(Ax) = Af(x). By taking the derivative d/dA we see that

f(Ax)d(Ax) | = f@)=x df (x)
dx =

i dn W

For n variables we have the famous Euler relation,

J
f(x1, .0 Xxn) = ZXZ(TJJ;)X (6.6)

Back to thermodynamics. This is useful for extensive functions, like E = E(S, V,N), e.g.
E(2S,2V,2N) = 2E(S, V,N). We see that

JE JE JE
k= (ﬁ)ws * (W)S,N vt (w)ﬂ

From the 1st law we already know that E = TS — PV + uN. But since the differential of

the from the Euler’s equation obtained function is

dE = dTS + TdS — dPV — PdV + duN + pdN = TdS — PdV + udN,

we see directly that

SAT — VdP + Ndy = 0. (6.7)

This is the Gibbs-Duhem relation. Applications of this equation would be

G=ErS+PV=TS-PV+uN-TS+PV = uN, ®=E-TS-uN=-PV.
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So overall we can see that

G=uN, ®=-DPV. (6.8)

6.9 Conditions for thermodynamic equilibrium and
stability

From the 2nd law we know that when E, V, N are constant we have AS > 0. Therefore

S has a maximum in equilibrium.

1. Principal of minimal E at S, V, N, constant Removing the constraint at fixed E leads

to AS(E) > 0. Put the system in contact with reservoir, such that E can change,

but S is kept constant. So AS(E + AE). A Taylor expansion gives us

JE
So we found that AE must be smaller than 0 when we have fixed S, V, N.

AS(E) + (a_s) AE=0, AE=-TAS(E)<O0.
V,N

Remark We already know that E = ) ; €;p;. This gave us

OE =Y deipi+ Y ciop,

meaning that we have a work and an entropy part. Therefore the average E at

fixed S, V, N has a minimum in equilibrium. This gives us a contrast:

e Fixed E, V,N: S has maximum.

e Fixed S, V,N: E has minimum.

One analogy to this would be a circle with a perimeter. The circle is an object
which has for a fixed area a minimum perimeter and for a fixed perimeter a

maximum area (Area < entropy, perimeter < energy).

2. Conditions for equilibrium

We consider S, V, N constant and
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S SA4+Sg = 0S4 =-0S53,
V = Vu+ VB = oV = —6VB,
N = Nyu+Nj; = ON4y = —O6Njp.

Removal of an internal constaint in equilibrium gives 6E, change in energy:

OE ~ OEW = (Ta — Tp)5Sa — (Pa — Pp)6Va + (s — us)ON4 = 0,
because E = E(S, V, N) has a minimum. In equilibrium we have
e T, = Tp the thermal equilibrium,
e P, = Pp the mechanical equilibrium and
e us = up the chemical equilibrium.
We call T = const., P = const. and p = const. the thermodynamic equilibrium.

Example We consider two connected boxes with 4 > up with particles can be
exchanged. We do want to know about the particle flow. We know that V and E

are fixed and AN, = —ANGp. Since AE is fixed (energy conservation) we see that

AE=0=TAS+uAN = AS= —%AN.

So overall we have

1
AS = AS + ASp = —’“’—TAANA - y—;ANB = — (2 — HE)AN, 2 0.

So we know that AN, must be lower than 0 which gives us the particle flow from

A to B. The particles flow from higher to lower p.

. Conditions for stability

E = E(S, V,N) should have a minimum in equilibrium. In equilibrium we have

(6E)syn =0, (62E)5,V,N > 0.

Remark This could be a confusion, since the 2nd law of thermodynamics states

AE < 0. But this is only in equilibrium (going into the equilibrium by removing
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Chapter 6. Thermodynamics

internal constraints). In this case we are looking at spontaneous changes 0E > 0,

thus going away from equilibrium.

Suppose a gas in equilibrium and a pushable wall between two boxes (sponta-

neous fluctuation). We say that

e 5°E > 0 is stable equilibrium.

e O’E = 0 is a state which cannot decide. We do have to look at higher

variations.

e 5’E < 0 is unstable equilibrium.

Now consider SN, = 6Ny = 0 and 6V 4 = 6V = 0. We also have 654 = —655. We

calculate

1(J°E 1(J°E
&E = 52EA+52EB:—( A) 5s§4+_( B) 683 =
2\08% /), o 20983/,

2
A B
1[( P [Ty T
= = [(—asj) + (—8523) }55@ == |—A + L 682 =
2\E4 VANA Eg VaNg 2|cya  cus
1 1 1
= |Ta=Tsl==Ta|— +—|06S; > 0.
2 CV,A CV,B

This follow because the partition ration A to B is arbitrary. Therefore we found

that cy > 0! We did already know this from chapter ??2.

Consider the Helmholtz free energy F = F(T, V, N). We see that 6F = 0 and 6*F > 0
with fixed T, V,N. By looking at T4 = T with N4, Np fixed and 6V, = -0V we

see that

#F = -1 [(aﬁ) + (%) ](svfl > 0.
2\oVa)y v \OVB)7 N,

So we conclude that dP/dV < 0 for fixed T,N. We see also that k > 0 and

cp >cy > 0.

Remark We can partition extensive variables only! For example we cannot say
that T4 + Ty is fixed.
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7 Phase transitions and critical
phenomena

7.1 Phase equilibria

From the Gibbs-Duhem relation SdT — VdP + Ndu = 0 we get that

du = —%dT + %dP = —sdT + vdP, s=S/N, v=V/N.

Therefore we conclude that u is a function of the two variables T, P only, u = u(T, P).

Suppose now that we have v different phases. A phase can be a gas, liquid or solid etc.

¢ Question Can different phases coexist (be together) in equilibrium?

Answer T, P are equal for all phases (4 must be equal) so that

(T, P) = uo(T,P) = ... = u, (T, P).
So we have v — 1 equations.

e Define f, the number of degrees of freedom, which is the number of unknown

variables minus the number of equations, so

f=2-@w-1)=3-w (7.1)
This is the so called Gibbs phase rule.
e Discussion

— Forv = 3 we get f = 0 which is a unique solution (T, Py) (triple point or TP).

Three phases can coexist in a point in the (P, T) plane.
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Chapter 7. Phase transitions and critical phenomena

— For v = 2 we get f = 1 which gives us P = P(T) - that specifies a line. Two

phases can coexist along a coexistence line (curve).

Remark The strategy to solve u1(T, P) = uy(T, P) is to fix T first and then to
get P(T).

— For v =1 we get f = 2 and thus the whole (P, T) plane. One phase exists in a

plane.

— For v > 4 we find that four or more different phases cannot coexist together in a

one component system.

— If the system has r components (types of atoms / molecules) then we have

f=2+4r—v. (7.2)

Therefore in a two component system for example we can have 4 phases in
a point.
e A generic phase diagram is shown in figure

b
iF critical point CT i
[ -

-

tripla point TR -

phaz= 3

- coexizst=nce lins

Figure 7.1: A valid phase diagram with three phases, two triple points and a

critical point

We can build an invalid phase diagram by having another phase in it, with a
point where all phases are combined but having only a one component system.

Therefore we do have to look for the intersection of such coexistence lines.
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Chapter 7. Phase transitions and critical phenomena

e At the critical point is a phase transition of the 2nd type (continuous). Above the
critical point (CP) we cannot distinguish between phases. So by going through
a line of coexistence we are able to see the change (e.g. in entropy) but if we go
from one phase to the other above the critical point we see not difference between

the phases. So for example we would say that water and vapor are the same!

7.2 Abrupt phase transitions - Clausius-Clapeyron
equation

We set G = uN and consider two phases with G; and G,. We say that

e if G; < G; then phase 1 wins,
e if G; > G, then phase 2 wins and

e if G; = G, then we have u; = u; and therefore coexistence.

We can draw phase diagram like the graphs in figure

C C C

N

Figure 7.2: Possible graphs of heat capacity (C) against temperature (T) at a phase

T T T

transition

e We derive that

_(dG) . (du _(9u
V—(ﬁ)m‘N(ﬁ); ”—(ﬁ);

e In the same way we obtain that

_[dG) du _(du
5“(%)RN—‘N(ﬁ)g S“(ﬁ)p'
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Chapter 7. Phase transitions and critical phenomena

o At the coexistence curve we have a densities change v; # v, and latent heats; # s,.
This is called abrupt transition.

o At the critical point we have v; = v, and s,

= sp. This is why this is called
continuous transition (higher derivatives of G are not continuous).

o At the coexistence line we have (T, P) = uy(T, P). Along the coexistence line we
find duy; = du,. By using the Gibbs-Duhem relation dyu = —sdT + vdP we obtain
that

dyl —SldT + Uldp ; —SZdT + Uzdp = d[Jz

This gives us dP(v; — v;) = dT(s; — s2) which leads to the Clausius-Clapeyron
equation,

dP_Sl—Sz I 1

o = ——. 7.3
dT U1 — 0y T Av ( )
We introduced the latent heat of the transition /, with s; —s, = As = I/T, by using

the temperature of the transition T. The solution of this equation is P = P(T), the
coexistence curve.

e Typical phase diagrams are shown in figure

TA A
& 5
kri‘tisch; ____________________________ ._.”". ---------- B Kritisch 291 bad N Ty ! ;o
Druck flassi g F*Lr.mlkstc - s::::her
fest : \Was=er ’
lbar""":”"""- T
! Eis ! !
Tripelpunkt I 006 ban Tripelpunkt : Wasser-
L L dampf
gasférmig ; !
i > : | >
kri‘tischel T a B o “
Termperatur SrTpers orc 100 C| 374 C| Termperatur
Figure 7.3:
substance

The phase diagrams for a generic (1st picture) and water (2nd picture)
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Chapter 7. Phase transitions and critical phenomena

-
5
P =
~ Metastable
- vapor
P
- rad
P 7 '\\
=
s ;;'-" Gas
3

Y

Metastable
T

ligqui

Figure 7.4: A P — V diagram for the phase transition of a generic (not an anomaly)

substance
7.3 Nucleation

Vapor to liquid transition at temperature T;,. Condensation into water droplets.
Droplets growth is irupeded by surface tension o. It costs energy 4nR?c to grow a
droplet of radius R.

o AtT = Tt;/ we have Ggas = Gliquid'

e AtT =T, + AT we can make a Taylor expansion and get

d
(Ggis = Giiguia)| AT = ~(Sgas = Siigia)|,, AT = ~NASAT.

Goas — Gliguid ~ ~=
gas liquid
aT T=T,

We can rewrite this and obtain

l
Gliquid = Ggas + VTLT—AT.

tr

o If AT > 0 we get that Gjiuis > Ggis and therefore we are in the gas phase.

o If AT < 0 we get that Gjiuis < Ggss and therefore we are in the liquid phase.

Consider the energy required to make one droplet of radius R. Cost of energy compared

to having just gas is

2
AElDroplei& = Gliquid + 4nR%0 — Ggus-

Therefore we obtain that
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Chapter 7. Phase transitions and critical phenomena

4 !
AE'DVOplet = 571R3 nliquidT_ty AT +47R%*0 = —aR® + ﬁRZ.
SN—— <0

=VDmplet

We get a plot like the one shown in figure

16mc’T 13p L°AT
E | [
<
s
2 R
%] It
20T JpLAT
R

Figure 7.5: The cost of energy AE to make one droplet of radius R

The cost of energy to go from gas to water is given by a barrier called B. We see a

maximum at Rc which gives us this barrier B. We can calculate that

ZGTtr
AE'(R = Rp) = Rp=——+— AT.
( =0 = Rc Pl AT o/
For the barrier B we obtain that
16m0°T2 1 1
B=AE(R =Rc) = - 3/AT?.
(R =Re) 3 . PAT o/

The droplet creation (nucleation) rate is given by

o< exp(~B/ksTy).

An application of this would be how to boil water in a microwave. By using a clean
glass (washed by a dishwasher) we have a large ¢ and thus a large Rc. Therefore we
obtain large bubbles which could damage the glass. If we use a cloth to wipe out the

glass we have a reduced o and thus the boiling is less violent.
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Chapter 7. Phase transitions and critical phenomena

7.4 Continuous phase transitions - Landau’s theory

1st order phase transitions (abrupt) are claled nucleation (last section). 2nd order phase

transitions (continuous) perform spontaneous symmetry breaking.

1. mechanical analog (rod-spring model)

The question is in which direction does the rod fall? The Hamiltonian ist symmet-
ric with respect to the possible directions. But the physical realization (ground

state) is not! Thus we say that the symmetry is broken.

We now support the rod with springs. We have to find two potential energies:
e The potential energy of the two springs.
e The potential energy of the rod.

We find that

Uspring = 2%k(displacement/s’creching)2 = kR?¢?,
_ ol . 1, 1 4)
Uod = mgzcosg0~G2(1 29+ 59

The total energy is then given by

1.1 1 Gl
U = Uspring + Upod = EGZ + E (ZkRz - EGZ) (PZ + E(P4

We have to dinstinguish now two cases:

o 2kR? > %Gl. We see in figure (Graph 1) that we have a minimum at ¢ = 0.

Therefore we are in equilibrium and are always stable!

e 2kR? < %Gl. We see in figure (Graph 2) that we have two minima -
therefore we have two equal choices. This is called spontaneous symmetry

breaking. The minima occur at +¢, with

«(G-G)'%  G.=4kR¥/L.

1 2kR G-G,
Po = 12(5‘?)— Ae
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Chapter 7. Phase transitions and critical phenomena
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Figure 7.6: The first graph is always stable in ¢ = 0 while in the second graph the

symmetry is broken for the second case with two minima - symmetric in ¢

""""""""""""'"'G'[Gc:
5 3.0

Figure 7.7: We see no jump in ¢ « VG — G, - therefore continuous

We say that 1/2 is the critical exponent. We see in figurethat @ x VG -G,
for G > G..

we call ¢ the order-parameter with two special variants:
- @ = 0: disordered phase
— @ # 0: ordered phase

Going through G. is a phase transition. The order parameter ¢ changes
continuously at G = G,. Thus we have a continuous phase transition. The

three most important graphs are shown in figure

The system is symmetric when we have u(p) = u(—g).
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Chapter 7. Phase transitions and critical phenomena

Figure 7.8: The graphs for G < G., G = G. and G > G, (phase transition)

2. Landau theory of paramagnet-ferromagnet transitions

Experimental we get a graph like the one shown in figure From Landau

comes the concept of order parameter - here: magnetization M.

M(T)
10k
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1 " 1 L " L T [TC:
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Figure 7.9: Experimental picture with the temperature T in units of the critical

temperature T

The Landau free energy is defined as

F=F(T,V,M) = Fy(T,V) + %aMZ + ibM“, a=a(T),b=bT)>0.

This is valid close to T, where M is small. We set b(T) > 0 due to stability. If it

would be negative we would have to look at higher orders.
Question Why there are no odd powers of M?

Answer F(M) = F(—M) - so symmetry is the reason!
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Chapter 7. Phase transitions and critical phenomena

In equilibrium we see that F will have a minimum, so

JF ,
m—o = aM + bM° = 0.

For a > 0 we only have M = 0.

For a < 0 we have

The big idea from Landau was that a = a(T) and that the 'most reasonable’
(sometimes called biblical) ansatz would be
a o (T - Tc)

e AtT < Tc- we have

M = i\/—%w— Te) « (Te - T)'72,

with the critical exponent § being 1/2. So we say that "Magnetization at
T < Tc, but close to Tc, goes as (Tc — T)V2’

3. Critical exponents

Close to T we have:

M o« (Tc-T)F, T<T

M « BY°, T=Tg,

x o« (T-To)y”7, T>Tg,

x o« (Tc-T)7", T<T,
dS

g = T(a_T)B o (T — Tc)_a, T>T,

g o« (Te-T)%, T<Tec.

So we have critical exponents «, 3,7, 6, ...!
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Chapter 7. Phase transitions and critical phenomena

4. Critical exponents in Landau-theory

In a magnetic field B we have

1 1
F=Fy,+ EaMZ + ZbM‘L — BM.

From our minimum condition we get

ofF _ 3 _ 2y _
8M_aM+bM B=0 = M(+bM")=B.

Therefore at T = T¢ with a = 0 we get

bM®*=B = M B3
So we found out that 6 = 3.

We can do the same for y. We know that

X = Ho (&8_]\;)’ aM+bM°> =B = aaa—]\; +319M288—]\;I =1.
So we see that at T > T with M = 0 we have
_ o _ Tyl
X_QOCT—TC_(T TC) ’

which is y = 1. At T < Tc we haev M? = —a/b and thus

X =~ = —po/20 o (Te = T)

Therefore y” = 1 as well. This gives us a graph like the one in figure

We set B=0and get F. AtT > Tc we see that S = Sy. At T < T, we obtain that

1a?
S=5y+ E?G - To).
So 'F and S are continuous at T = T¢'.

We now calculate cg which is (close to T¢)

dS
Cp = TC (8_T) .
B
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X(Th
1} |
I |

Figure 7.10: x diverges at T as we calculated with the temperature in units of T

We obtain that at T > T we have cgy and at T < T we have cp( + %“T:TC. So we
say that the critical exponent is 0 in Landau’s theory. We also see from picture
that cg has a jump at Tc. So this is discontinuous / abrupt!

eg(T)
1.5}
C A
L / 1a?
L4t Y L P
i 2B
/ e
13k e
4 -
, yd
12f P
/.-"
- ///
1.1F -
[ -
A
Y A
l Il Il 1 PR T | " 1 Il 1 " L T [TC:
0.8 1.0 1.2 1.4 1.6 1.8 2.0

Figure 7.11: cg has a jump at T = T¢ with cp being a function of T in units of the
critical temperature

The gap is 1 Tca?/b.

7.5 The Ising model: One dimensional

Let the Hamilton operator be
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H = —]Zsis]-,

@)
with the nearest neighbors (i, j), s; = £1 and | the exchange intergral (exchange cou-

pling). We know that

e | > 0 for ferromagnetic ground state (TT77) and

e | <0 for antiferromagnetic ground state (T, T}).

Note In quantum mechanics we learned that Coulomb interaction and Pauli principle

lead to the Heisenberg Hamiltonian

H=-J51-5
for two electrons. The Ising model is a simplified classical version.

Let us solve the one dimensional Ising model. We need to calculate the partition sum,

Z=2(B) =) exp(=pHE) = Y| Y - Y exp(Blsisa + BJsass + .. + Blsn-15n).

{s} sp=+1s2==1 sy==+1

e Take first the last sum

Z exp(BJsn-15n) = exp(Bsn-1) + exp(—Psn-1)-

SN

e The good thing is that for sy_; = £1 we have

Z exp(BJsn-15n) = 2 cosh(B]),

SN

which is independent of sy_;!

o We get

sn-1 =1 : exp(B]) +exp(—pJ) = 2cosh(B]),
sn-1=—1 = exp(~B]) + exp(B]) = 2cosh(B)).
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e This leads to

7 Z Z ... Z exp(BJ(5152 + ... + sn_25n-1))2 cosh(B]) =

SN-1

Y Y exp(Bl(s152 + ... + sn-asy-2)) (2 cosh(B]))? =

= (2cosh(g)" Z 1=2"cosh™'(8)) "2 (2 cosh()))",
s1==%1

=2
which is exact in the thermodynamic limit! We will now calculate the thermody-

namic quantities.

e The free energy is

F = —kgTInZ = —kgTN In(2 cosh(p])).

e The internal energy is

Fe-Linz= —N7J tanh(8]).
ap
For the limit T — 0 with § — co we obtain that E — —N]J. Otherwise for T — oo
with B — 0 we see that —-NJ?8 — 0. Since F is analytic (no divergences in its
derivation) at all T > 0, there are no phase transitions in the one dimensional
Ising model! In one dimensional Ising model the phase is a paramagnet at all

T > 0! InT = Oitis a ferromagnet - but since T' = 0 cannot be reached it is obsolete.

7.6 One dimensional Ising model: renormalization
group (RG)

K. Wilson calculated this in the 1970’s starting with

22 Y oxp (ﬁ; Zsisj) Y exp (K Z]

{s} @ {s} @
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with K = ] = J/kgT. We consider a one dimensional Ising model with periodic

boundary conditions, meaning sy.1 = s1. We calculate

N
Il

Z exp (K y sism] = Z Z e Z exp(K(sisz + 5283 +...)) =
i=1 51 S SN

{s}

Z s Z exp(Ksz(sl + 53) + KS4(S3 + 55) + )
S1 SN

e Let us sum over all the even spins only:

7 = Z Z .. [eK<s1+s3> " e—K(s1+s3>] [eK<s3+s5> " e—1<<s3+s5>] [.].

51 53
We now want to rewrite this new (called decimated) system to look like the old
one. We see that the effective distance has increased from a — 24 and the coupling
constant has changed from K — K’. This is called resclaing or coarse graining.

Mathematically this is

exp(K(sy +s3)) + exp(—K(s1 + s3)) < A(K) exp(K’sq53).

e We know that when s; = s; = +1 we have

exp(2K) + exp(—2K) = A(K) exp(K').

We also know that for s; # s3 = +1 we obtain that

1+1= AK)exp(K).

So we have two equations with two unknown variables. This can be solved. We

get

A(K) = 2exp(K’), 2 cosh(2K) = A(K) exp(K") = 2 exp(2K’).

Therefore afterall we have

K = %ln cosh(2K), A(K) = 2+/cosh(2K). (7.4)
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e Then we take

/= Z [A(K)]N/2 exp(K'(5153 + 5355 + ))
odd spins

Let us write

Z = Z(K,N) = [A(K)N? Z(K’',N/2).

e We introduce now f = (InZ)/N = —F/kgTN with our free potential F = —kzT In Z.

We calculate

f = fK)= —an(K N) = —ln([A(K)]N/2Z(K' N/Z))

_ lﬂmmm+—mawwﬁ> mmm+ﬁ§maﬂNM=

=2 f(K)
= 2 AK) + fK)].

So we see that

F(K') = 2f(K) - In A(K) = 2f(K) - In [2y/cosh(2K)] .

We found the renormalization group equations, which give us the renormalization

group flow,

K = %m [cosh(2K)],  f(K') = 2f(K) - In[2 /cosh(2K)] . (7.5)

e Let’s take for example K = 1. Then K’ is 1. By calculating K” we receive 0.66 then
0.35 then 0.11 and so on... Therefore we see that

- AtK = 0 whichis T = co we have a stable renormalization group fixed point,

because K = 0 gives us K’ = 0.

- At K = co which is T = 0 we have an unstable renormalization group fixed

point.
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So the flow is from K = oo to K = 0. We say that K = oo is ordered while everything

else is disordered. We also see a phase transition at T = 0.

e A fixed point is where all length scales are equivalent. So fractal, universality,
power laws. Therefore we see that a critical exponent is the same for all ferro-

magnets.

e Universality means that «, 8,7, 6, ... depend on the dimensionality and geometry.
If d > 4 all systems behave as in Landau’s theory. The reason for this is that

Landau neglected fluctuations, which are very important for systems with d < 4.

7.7 Ising model in two dimensions: Renormalization
Group

By rotating a square lattice by m/4 (decimation), and therefore summing over every

other spin. We are doing the in figure shown process on the lattice.

decimation

Figure 7.12: The rough sketch of the setup used for our calculation

Let us look at the structure of the partition function,

zZ = Z exp(K(s155 + 5255 + ...)) = Z exp(Kss(s1 + 52 + ...)) exp(Kse(s2 + 53 + ...) =
{s} {s}

Z - [exp(K(s1 + 52 + S5 + 54)) + exp(—K(s1 + $2 + 53+ 54))] - - -

oee [exp(K(52 + 53+ 57+ Sg)) + exp(—K(52 + 83+ 57+ Sg))] .

We would like to find K" and A(K) such that
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exp(K(51 + Sy + 53+ S4)) + exp(—K(51 + Sy + 53+ S4)) ; A(K) exp(K’(5152 + 5154 + 5253 + 5454)).

We have 4 inequivalent choices of sy, 5, 53, 54:
e Fors; =5, =53 =54 = %1.
e Fors; =5, =53 = —s4 = +1.
e Fors; =s, = —s3 = —s4 = +1.
e Fors; = —s, =s3 = —s4 + 1.

But only 2 unknown K’, A. We need to make the Hamiltonian bigger. So we proceed

exp(K(s1 + s2 + 53 + 54)) + exp(—K(s1 + s, + 53 + 54)) =

g 1
= A(K) exp(EKl(slsz + 51584 + S253 + S4S4) + K2(5153 + 5283) + K3(515253S4)).

Remark A system with three spins sy, s, s3 is not possible because it violates up and

down symmetry. Let us insert the four possibilities for s. We obtain

exp(4K) + exp(-4K) = A(K)exp(2K; +2K; + K3),
exp(2K) + exp(=2K) = A(K)exp(=Ks),

2 = A(K)exp(-2K; + Kj3),

2 = A(K)

The solution is

Ky = i In cosh(4K), K, = é In cosh(4K), K; = % In cosh(4K) — % In cosh(2K).

Let us go back to the partition function, we have

’ K
Z(K, N) = (A(K))N/2 Z ce [eXp(Tl(Slsz + S1S4 + SpS83 + 5454) + K2(5153 + 5254) + K3(515253S4))] s
s}

K
s [exp(il(sg,sg + SgS7 + S253 + 5752) + K2(8288 + 5753) + K3(5253S758))] .
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Each nearest neighbour bond appears twice (s»s3). We conclude

I4

Z(K,N) = (A(K))N/2 Z exp | Ky Z sisj + Kz Z sisj + Ks Z sisisksi |,

{s} ) KL o
with (i, j) nearest neighbors, ((i, j)) next nearest neighbors and the plaquette 0. Up to
now we have made no approximation. Since things are quite complicated we will now

make an approximation.

1. Take K, = K3 = 0. Then we see that

1
Z(K,N) ~ (A(K)N?Z(Ky,N/2), K = 1 In cosh(4K).
This is the same renormalization group flow as in the one dimensional Ising
model, where we had K’ = 1 In cosh(2K).

2. A better choice would be K3 = 0. We motivate the selection of K, physically by
including the next nearest neighbor in the coupling as if it would be a first nearest

neighbor coupling. We obtained

K Z +K, Z 518, ~ K'(Ky, K») Z 518,

@pn S @
Take all spins s; = 1. We see
N N N

K12E + KQZE =K 25

Remark For N lattice points there are 2N bounds. So we have

K =Ki+K-2= %lncosh(élK).

The approximate renormalization group flow is then given by

K = gln cosh(4K). (7.6)

So now we have a non-trivial behaviour for our system (just by changing 1/4 = 2/8 to
3/8). We can calculate that for K¢ = 0.50698 we have a fixed point. Below the fix point

we have a paramagnet with a fow to K = 0 (T = o0) and above we have a flow to K = oo
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(T = 0) - which is a ferromagnet. So we have a phase transition at Kc! This corresponds

to

ksTe=1972] ~  (kpTC)weun = 2269 7.

We are able to obtain this K¢ by solving the equation

3
Ke = 3 In cosh(4K¢).

Therefore we can find the very important critical exponent (universality). These critical
exponents are very important, because they do only depend on the geometry and the
dimensionality of the system, while T depends on microsocopics (J). Illustration of

universality is

In2
In dK’
dK

The exact a would be 0 - or log. Therefore we have C « In(T — T¢). For our renormal-

a=2-

K=K¢

ization group model we have

a=2- In2 = 0.131.

In % tanh(4K¢)
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8 Appendix

8.1 Volume of a sphere in n dimensions

Let us denote

o= X+,
R
VvV, = f dxldxz---de:f drR"‘lfdQn:
r2<R? 0
1
= —R"Q),,
n

where (), is the solid angle. We use the following trick to get (),

I= f dx1dx, - - - dxy exp(—x7 — x5 — ... — X3y).
We solve it by two methods:

1. First by a gaussian integral

~
Il

fexp(—xf)dxlf exp(—x%)dxz---f exp(—xlz\,)de:

(o] —00

= [fm dxexp(—xz)l = Vn" = me.

[o¢]

2. Second by substituting t = * and dr = ;--dt,
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~
Il

R R
f drr" exp(—r2)fdQn = an drr" L exp(-r?) =
0 0
0 1 dt n_1
= an ——t272 exp(—t) =
o 2vE F
1 © 1 n
= _Qn 7_1 —l) == nF (-)
> [) dtt2™" exp(—t) 2Q >
We note that I'(x) is Eulers Gamma Function.

By comparing these two methods we get that

N
2|

Q, = . .
= I 51)
Basic properties of the I'-Function:
1
Iz) = Vr,
ra = 1,

F'x+1) = xI['(x),
I'x) = (x-1),

— )11
) = (”2(#

The volume of the n-sphere is

_2m:R" _ miR"  meR”
oal(3) TG TG+

(8.2)

8.2 Stirling’s formula

The Stirling formula gives an approximation to the factorial of a large number, N > 1.

In its simple form it is,

NN
N! z(—) — InN!'~xNInN-N

dIn N! -

N ~InN. (8.3)

e
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The easy-to-remember proof is in the following intuitive steps:

N
InN'=In1+1In2+ ... +lnsz dxInx=NInN-N+1~NInN-N.
1

The stronger form of the Stirling formula reads,

N
N!z(§) V2nN = lnN!lenN—N+%ln2nN.

The proof is more subtle and uses the Euler I' function. Recall that

N'=T(N+1)= f dx xNHte™ = f dx xNe™.
0 0

Denote
¢(x) =NInx —x,

so that
Ne™ = @),

The function ¢(x) has maximum at x, such that ¢’(xy) = 0. We can find it,
N
qb’(x):;—l = xp = N.
Let us expand ¢(x) around x:

B0 = PLx0) + /() = 1) + 30” (Ro)ox = 30)" + .

The linear term vanishes, since ¢’(xy) = 0, while the second derivative is

o N s N 1
q)(x)——g = ‘P(x)——x—% N

We then have up to the second order,

G(x) * NInN - N — %(x - N).

NInN-N _—(x—N)?/2N N N —(x=N)2/2N
90 o NINN-N ,—(-N) :(_) o~ -N2/2N
e

(8.4)

(8.5)

(8.6)

(8.7)

(8.8)

(8.9)

(8.10)

(8.11)

(8.12)

(8.13)
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We thus get the Gaussian integral,

N! = f dx e?® ~ (N) f e ONP/2N (N) f g -NPP/N (N) 21N,  (8.14)
0 e 0 e —co e

Note the change of the lower integration limit from 0 to —oo in the last integral. This
change is possible since the integrand has maximum at N, so at x < 0 the integrand is

negligible.

This completes the proof. The above method of approximating integrals by expanding
the exponent is called the saddle-point approximation. This trick is used to calculate

things in statistical physics and quantum field theory.

8.3 Bose-Einstein and Fermi-Dirac Integrals

Consider an integral of the form

I T 1
(P)—fo XW/ p>1

We can solve such an integral by using the geometric series expansion. In the end we

have

I(p) = C(p)T(p).

We can do the same for

0= [ s e
0

xexp(x) +17

With some little tricks we arrive at

10 = (1 - 55 ) )T

Some important values of ((p) and I'(p) are listed below:
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= 3/2, Up)=2612, T(p)=n/2,
= 5/2,  U(p)=1341, T(p)=3Vn/4,
3, Up)=1202, T(p)=

= 4,  p)=m"/9, T(p)=

= 6, C(p) = 7®/945,  T(p) = 120.

=TT R T
Il

8.4 Equipartition theorem

We essentially follow the proof given by K. Huang, Statistical Physics, and adopt it to

the notation used in the class.

We have learned in chapter 3.1] (i), that for N indistinguishable classical particles of

total energy E, the microcanonical averages of a physical observable A(Q, P), are,

- 1 dQdp

- =5 | FAQPRIE=HQP, .15)

where the density of states is related to the number of states below energy E,

dI'(E) dQdpP f dQdP
— . T = —_ P)] = —_. Nl
Make a specific choice for the observable A, as
JH

A = i~y .17
x o) (8.17)

where x; denote either the generalized coordinate g; or generalized momentum p;. Here

index i goes from 1 to 3N. Then

;% ) gf Zf‘%’?\? 18H6(E H) (8.18)
) ;8(35 HQP)< EZQGZZ\I; lgH (8.19)
B ;jE )< ZQ?\lljvxla(ng 2 (8.20)
- ;0% o Z%Zi\l; 8[x1(lai ]- E)] 6%385 fH . Z%ﬁ (H - E).(8.21)
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The first integral on the right-hand side of the last line vanishes, since
dlx;(H - E
f aQap? =Bl _ (8.22)
H(Q,P)<E ox;
as it can be transformed to a surface integral, with the surface defined by H(Q, P) = E
of x;(H — E) which vanishes identically on that surface; we always have H = H(Q, P),

just shortening the notation and omitting (Q, P).

Finally, we then write that

xiaﬂxj _ éa‘z fH . Z%’f])‘(ﬂ E) (8.23)
= by f Zgﬁ ais [©(E — H)(H - E)] (8.24)
= o f Zgﬁ@@ H) (8.25)
- 51];r 51]01;0115 6ijdln}/dE (8.26)
_ 51.].;(3(%) (8.27)
= 51]k3(£) (8.28)
_ biksT. (8.29)

In the above derivation we have used the following formulas derived for the micro-

canonical ensemble in the class:

S = kylnT, (8.30)
1 dS
T = o (8.31)

To summarize, the generalized equipartition theorem reads,

H
xia—xj = (5i]‘kBT. (832)

If we choose for x; either g; or p;, we get individually the equipartition theorem for

generalized coordinates and momenta:

H H
ql aql pl apl kBT‘ (8-33)

The above was the starting point to derive the virial theorem in the class.
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8.5 Sommerfeld’s expansion

Consider integral,

I(u) = fom de ﬂ (8.34)

el + 17

where ¢(¢) is some well behaved function. Let us introduce a new variable x,
x=pe—-p), e=p+kpTx. (8.35)

The integral transforms to

I(#)=kBTf dxM:kBTf ax P4 0T x)+kBTf g PUF R T)
—u/kgT _ 0

e +1 u/ksT e +1 e +1
(8.36)
Let us work little bit on the first integral on the right,
0 + kgTx kT — kgTx
f dxw - |x_>_x|:f dxwz
—u/ksT er+1 0 er+1
1 1 1 kT o (u — kpTx)
= =1- = — d - dx ———.
e+ 1 ex+1‘ kBTf0 29() fo e
We have introduced new variable z, by
z = u—kpTx, (8.37)

in the first integral on the right. Our original integral now reads,

U 00 y/kBT _
_ @(u+kpTx) f o(u — kzTx)
I(u) = j; dzp(z) + kT fo dr g kT | Ao (839)

Thus far we have made no approximation. In the following, we make two: (i) In the
degenerate limit, we have
—xr—>1, (8.39)

so that we can extend the integration in the last term of Eq. [8.3§|to infinity; note that the
integrand of this term decreases rapidly with increasing x—this is why the upper limit
of that integral is irrelevant. We cannot do the same with the first term, for example.
We obtain:

‘u (o)
)= [ dzp@ +keT [ de gl kT —pu—kTo].  (540)
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(ii) As a second approximation, we expand @(u + kgTx) in Taylor series about kgTx = 0,
again for the reason that the integrand decreases exponentially with increasing x as
well as that kT < u:

N o) , dep(u) _ de(u)
(P(‘U'l'kBTX)—(P([J—kBTX) X (P(‘U)'i'kBTX d‘u - ( ) kBT W— e = 2kBTX dl,[ +
(8.41)
Substituting to our integral, Eq. [8.42] we get
I(w) = f dz (z) + 2k T? (P(” ) f X 1 (8.42)

The second integral on the right can be evaluated by expanding (e*+1) ! into a geometric

series (see Appendix 2 to IV.10.):

N T 8.43
fo Yorl ( 2?1)“’9) ®) (843)
Then, forp = 2,
0 X 1 72 772
fo dx —— _—c(z)r(z) SX g x1=15 (8.44)

Using this result, we finally obtain for the low temperature (T < TF) expansion,

. 2 d
I() ~ fo dz (z) + %(kBT)Z# + (8.45)

The above result is called Sommerfeld’s expansion. It is useful to calculate physical

81/2

observables of degenerate Fermi gases. For example, if ¢(¢) = , one needs to

substitute ¢(z) = z!/? and @(u) = u'/? in the above to obtain

1/2| 2 3/2+7—(_2(kBT)2'
st T

I(n) = |for pe)=¢ (8.46)

This result is used in the class to derive the expression for the chemical potential.

8.6 Pressure and entropy in statistics

The internal energy is given by

1
E= Z Eupn, P = xp(=pEy).
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We know that E,, = E, (V). Therefore we change the volume quasistatically. We get

JdE,
OE, = W(SV

An example would be a line of length L with E,, « 1/L?. In general we have

OE=Y OEpu+ Y Edpu=) . (%)pnéV + Y pubpn.

——
-P,

We see directly that the outcome of this variation is

OE ==Y puPudV + Y Eudpy = —POV + Y Eop,.

The first term is the same if V or V +6V. Therefore the second term must be responsible

for the relaxation and therefore for the ireversibility. Thus

Y Euop,=T6S,  OE =—PSV +T5S,
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